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We	conclude	that	there	is	no	factorization	of	f	(x)	in	Q[x].	(v)	If	A	and	B	are	n	×n	nonsingular	matrices,	then	AB	is	nonsingular.	(ii)	(Alhazen)	For	fixed	k	≥	1,	use	Figure	1.3	to	prove	(n	+	1)	n		i=1	i	=	k	n		i=1	i	k+1	+	n		i		i=1	p=1		pk	.	If	p	n	|	a	−	b,	then	a	−	b	=	pn	u,	where	u	is	an	integer.	As	every	odd	prime	(indeed,	every	odd	integer)	is	congruent	to
1	or	3	mod	4,	Exercise	3.100	completes	the	proof.	Define	ϕ	:	R[x]	→	R	by	f	(x)		→	constant	term	of	f	(x).	,	an	}.	The	first	equation	gives	a	2	=	−10	±	2	<	0,	and	this	is	also	impossible.	(x)	The	content	of	3x	+	Solution.	(ii)	Prove	that	if	G	∼	=	H	,	then,	for	every	divisor	k	of	|G|,	both	G	and	H	have	the	same	number	of	elements	of	order	k.	If	a	=	0,	then	b	=	0
and	so	a	≡	b.	(ii)	Prove	that	if	c	is	a	common	divisor	of	a1	,	a2	,	.	√	3.15	(i)	Is	R	=	{a	+	b	2	:	a,	b	∈	Z}	a	domain?	)	are	nonzero	power	series,	then	each	has	an	order	(σ	=	0	if	and	only	if	it	has	an	order);	let	ord(σ	)	=	p	and	ord(τ	)	=	q.	,	ir	}.	Of	course,	A∗	∼	=	A5	,	and,	as	in	Lemma	2.155,	(1	2	3)	and	(i	j	k)	are	conjugate	in	A∗	;	a	fortiori,	they	are
conjugate	in	An	.	This	particular	course	will	work	well	for	even	complete	beginners	to	the	English	language.	Since	f	and	g	are	relatively	prime,	part	(i)	provides	a	solution	h.	b2	−	4ac	(ii)	√	is	not	rational.	For	the	inductive	step,	write	f	(x)	=	ak	x	k	+	h(x),	where	h(x)	=	0	or	deg(h)	<	k	=	deg(	f	).	If	r	=	0,	we	are	done;	if	r	>	0,	then	b	=	(−q	−	1)a	+	(a	−	r	)
and	0	<	a	−	r	<	a	(by	Proposition	A.2(ii),	−r	<	0	implies	a	−	r	<	a.	If	a	n	=	z	=	bn	,	then	1	=	a	n	/bn	=	(a/b)n	.	By	Euclid’s	lemma,	x	≡	±1	mod	3	and	x	≡	±1	mod	7.	5.21	Let	k	be	a	field	of	characteristic	p	>	0,	and	define	the	Frobenius	map	F	:	k	→	k	by	F	:	a		→	a	p	.	(ix)	If	f	(x)	is	an	irreducible	polynomial	over	a	field	k,	then	every	element	z	∈	k[x]/(	f	(x))	is
a	root	of	f	(x).	We	claim	that	x	∈	√	have	some	degree,	say	n,	which	is	an	integer.	Thus,		an−m	=	bi	c	j	.	(vii)	The	subgroup	#(1	2)$	is	a	normal	subgroup	of	S3	.	41	(ii)	If	f	:	R	→	R	is	a	bijection	whose	graph	consists	of	certain	points	(a,	b)	[of	course,	b	=	f	(a)],	prove	that	the	graph	of	f	−1	is	{(b,	a)	:	(a,	b)	∈	f	}.	4.17	If	V	is	a	finite	dimensional	vector	space
and	U	is	a	subspace,	prove	that	dim(U	)	+	dim(V	/U	)	=	dim(V	).	Each	ring	axiom	can	be	verified	for	formal	power	series,	as	in	Proposition	3.25	(that	a	formal	power	series	(s0	,	s1	,	.	4.8	(i)	Prove	that	the	list	of	polynomials	1,	x,	x	2	,	x	3	,	.	(ii)	Prove	that	O	AO	−1	is	symmetric	for	every	n	×	n	real	orthogonal	matrix	O.	b	a+b	Prove	that	F4	is	a
commutative	ring	whose	operations	are	matrix	addition	and	matrix	multiplication.	3.84	(i)	If	f	(x)	∈	R[x],	show	that	f	(x)	has	no	repeated	roots	in	C	if	and	only	if	(	f,	f		)	=	1.	(i)	If	G	and	H	are	additive	groups,	then	every	homomorphism	f	:	G	→	H	satisfies	f	(x	+	y)	=	f	(x)	+	f	(y)	for	all	x,	y	∈	G.	The	group	G	that	acts	here	is	a	cyclic	group	#ρ$	of	order	4,
where	ρ	is	(clockwise)	rotation	by	90◦	.	Prove	that	1,	x,	x	2	,	.	If	x,	y	∈	H	,	then	g(x	y)	=	(x	y,	1)K	∗	.	2.73	Define	a	function	f	:	Sn	→	GL(n,	R)	by	f	:	σ		→	Pσ	,	where	Pσ	is	the	matrix	obtained	from	the	n	×	n	identity	matrix	I	by	permuting	its	columns	by	σ	(the	matrix	Pσ	is	called	a	permutation	matrix).	The	integers	48	through	54	are	7	consecutive	natural
numbers,	and	only	53	is	prime.	(i)	If	cos	3α	is	positive,	show	that	there	is	an	acute	angle	β	with	3α	=	3β	or	3α	=	3(β	+	90◦	),	and	that	the	sets	of	numbers	cos	β,	cos(β	+	120◦	),	cos(β	+	240◦	)	and	cos(β	+	90◦	),	cos(β	+	210◦	),	cos(β	+	330◦	)	coincide.	Conversely,	if	d	is	a	common	multiple	dividing	every	common	multiple	m,	then	d	≤	|m|.	We	use



induction	on	n	≥	1.	If	a	=	d,	define			1	1	B=	.	If	both	H	and	G/H	are	solvable	groups,	prove	that	G	is	a	solvable	group.	Conclude	that	if	m	is	not	a	perfect	square,	then	m	is	irrational.	If	there	are	only	10	pigeonholes,	prove	that	there	is	a	hole	containing	more	than	one	pigeon.	But	u	p	≤	1	for	every	integer	u,	so	that	δ(	a,	b)	=	a	−	b	p	=		pn	u	p	=		pn		p	u	p
≤	p−n	.	121	3.97	Let	p	be	a	prime	and	let	q	=	p	n	for	some	n	≥	1.	Suppose	such	subfields	k		and	k		exist,	and	consider	their	intersection	k	=	k		∩	k		.	4.13	If	p	is	a	prime	with	p	≡	1	mod	4,	prove	that	there	is	a	nonzero	vector	v	∈	F	p2	with	(v,	v)	=	0,	where	(v,	v)	is	the	usual	inner	product	of	v	with	itself	[see	Example	4.4(i)].	Now	σ	permutes	the	roots	of
p(x),	the	irreducible	polynomial	of	α.	We	obtain	x	≡	199	mod	315.	(ii)	Compute	(120,	168,	328).	On	the	other	hand,	we	can	use	the	expansion	to	see		f	(−1)	=	n		(−1)r	−1r	r	=1	1.34	If	1	≤	r	≤	n,	prove	that	n		r	Solution.	1	0	Now	the	2,1	entry	of	AB	is	c	+	d,	while	the	2,1	entry	of	B	A	is	c	+	a.	4.47	Let	R	be	a	commutative	ring,	let	D	:	Matn	(R)	→	R	be	a
determinant	function,	and	let	A	be	an	n	×	n	matrix	with	rows	α1	,	.	5.27	(i)	Let	H	be	a	normal	subgroup	of	a	finite	group	G.	The	integers	48	through	60	form	such	a	sequence;	only	53	and	59	are	primes.	,	an	are	positive	numbers,	then	(a1	+	a2	+	·	·	·	+	an	)(1/a1	+	1/a2	+	·	·	·	+	1/an	)	≥	n	2	.	(after	all,	a	set	is	determined	by	the	elements	comprising	it).
Hence,	either	a	=	0	or	c2	=	1.	If	a	=	0,	then	we	have	b	+	c	=	−10	and	bc	=	1.	The	statement	is	false	for	every	field	other	than	F2	.	Therefore,	[	f	(x)g(x)]∗	=	3x	4	+	4x	3	+	x	2	+	3x	+	1,	which	is	a	quartic.	If	6x	−	8	=	10m,	then	3x	−	4	=	5m,	and	so	this	gives	a	new	congruence	3x	≡	4	mod	5	or	x	≡	8	≡	3	mod	5.	i	141	Solution.	3.88	If	p	is	a	prime,	prove
that	there	are	exactly	13	p3	−	p	monic	irreducible	cubic	polynomials	in	F	p	[x].	If	F4	were	a	subfield	of	F8	,	then	F×	4	would	be	a	subgroup	of	F8	.	Therefore,	f	(x)	is	irreducible,	by	Proposition	3.65.	Now	f	(x)g(x)	=	[x	8	+	3x	7	+	x	6	+	4x	5	+	3x	4	;	in	sequence	notation,	f	(x)g(x)	=	(0,	0,	0,	0,	3,	4,	1,	3,	1,	0,	.	In	particular,	the	last	two	digits	of	a	are	35	if
and	only	if	a	≡	35	mod	100.	It	is	easy	to	check	that	ϕ	is	a	surjective	homomorphism	with	ker	ϕ	=	(x).	If	u,	v	∈	V	,	evaluate	−[(−v)	+	(−u)]	in	two	ways.	Its	discriminant	is	D	=	−108,	and	so	its	Galois	group	is	S3	.	Otherwise,	f	f	a	+	b	p	=	p	−e	u	p	=	a	p	u	p	≤	a	p	=	max{a	p	,	b	p	}.	Assume	that	er	=	r	for	all	r	∈	R.	If	f	∈	F(I2	),	then	(	f	+	f	)(r	)	=	f	(r	)	+	f	(r
)	=	0	for	all	r	∈	I2	.	Photo	Courtesy:	Pixabay/Tumisu	One	of	the	biggest	advantages	of	learning	English	is	the	many	ways	in	which	it	can	advance	your	career.	√	2	(ii)	⇒	(iii).	(xiv)	The	polynomial	x	7	+	9x	3	+	(9n	+	6)	is	irreducible	in	Q[x]	for	every	integer	n.	The	only	such	sum	that	divides	60	is	60	itself.	The	midpoint	of	P	P		is	M	=	(	12	(a	+	b),	12	(a	+
b)),	which	lies	on	,	and		|P	M|	=	[a	−	12	(a	+	b)]2	+	[b	−	12	(a	+	b)]2	=	|M	P		|.	The	first	isomorphism	theorem	now	gives	K	∗		H	×	K	and	(H	×	K	)/K	∗	∼	=	H	.	(i)	Every	linear	transformation	T	:	V	→	V	,	where	V	is	a	finite	dimensional	vector	space	over	R,	is	represented	by	infinitely	many	matrices.	(vii)	The	formula	f	(	ab	)	=	(a	+	b)(a	−	b)	is	a	well-
defined	function	Q	→	Z.	,	vr	+	U	is	a	basis	of	V	/U	,	and	conclude	that	dim(V	/U	)	=	r	=	dim(V	)	−	m.	5.11	Find	the	roots	of	x	3	−	24x	2	−	24x	−	25.	(v)	5263980007	is	a	perfect	square.	4.5	Is	L	a	subspace	of	Matn	(k)	if	L	is	the	subset	consisting	of	all	the	n	×	n	Latin	squares?	By	Exercise	1.44,	the	other	fourth	roots	are	obtained	by	multiplying	this	one	by
i,	−1,	and	−i.	In	particular,	if	b	=	w,	then	b	=	ζ	k	w.	1.51	If	ζ	is	a	root	of	unity,	prove	that	there	is	a	positive	integer	d	with	ζ	d	=	1	such	that	whenever	ζ	k	=	1,	then	d	|	k.	.	Hence,	there	is	s	∈	R	×	with	1	=	µr	(s)	=	r	s,	and	so	r	has	an	inverse.	Define	N	−1	=	I	−	N	+	N	2	−	N	3	+	·	·	·	+	N	m−1	,	where	N	m	=	0.	1.84	For	a	given	positive	integer	m,	find	all
integers	r	with	0	<	r	<	m	such	that	2r	≡	0	mod	m	Solution.	145	Solution.	(ii)	Show	that	every	nth	root	of	z	has	the	form	ζ	k	w,	where	ζ	is	a	primitive	nth	root	of	unity	and	k	=	0,	1,	2,	.	Now	S7	acts	on	itself	by	conjugation;	the	orbit	of	α	is	its	conjugacy	class,	and	its	stabilizer	is	its	centralizer	C	S7	(α).	Let	A	be	the	matrix	whose	rows	are	the	given
vectors,	and	see	whether	rank(A)	=	m.	Therefore,	m		Fn	=	n=1	=	=	√1	5		1	−	α	m+1		1−α			1	−	β	m+1		−1	−	−1	1−β	√1	(−α)[(1	−	α	m+1	)	−	1]	−	[(−β)(1	−	β	m+1	)	−	1]	5	1	√	[−(α	−	β)	+	(α	m+2	−	β	m+2	)].	2.20	(i)	Find	the	error	in	the	following	argument	which	claims	to	prove	that	a	symmetric	and	transitive	relation	R	on	a	set	X	must	be	reflexive;
that	is,	R	is	an	equivalence	relation	on	X	.	A4	has	no	element	of	order	6,	while	D12	does	have	such	an	element.	If	G	is	an	infinite	simple	group,	and	if	G	has	a	subgroup	H	of	finite	index	n	>	1,	then	(i)	shows	that	the	infinite	group	G	is	isomorphic	to	a	subgroup	of	the	finite	group	Sn	,	a	contradiction.	Give	an	example	of	a	linear	code	C	⊆	F	n	,	which
corrects	up	to	t	errors,	and	a	/	C,	such	that	there	are	distinct	codewords	c,	c	∈	C	word	w	∈	F	n	with	w	∈	with	δ(w,	c)	=	r	=	δ(x,	c	).	This	example	can	be	generalized	by	replacing	5	by	any	integer	D	with	D	≡	1	mod	4;	the	ring	R	is	a	special	case	√	of	the	ring	of	integers	in	a	quadratic	number	field	of	the	form	Q(	D).	4.10	(i)	A	line	in	space	passing	through
a	point	u	is	defined	as	{u	+	αw	:	α	∈	R}	⊆	R3	,	where	w	is	a	fixed	nonzero	vector.		n	1.14	Around	1350,	N.	Prove	that	with	this	definition	of	scalar	multiplication,	the	ring	F(k)	of	all	functions	on	k	is	a	vector	space	over	k.	It	is	routine	to	check	that	ϕ	is	an	isomorphism.	3.104	(i)	Prove,	for	all	n	≥	1,	that	there	is	an	irreducible	polynomial	of	degree	n	in
Q[x].	(iii)	Prove	that	x	4	+	1	factors	in	F	p	[x],	where	p	is	an	odd	prime,	if	any	of	the	following	congruences	are	solvable:	b2	≡	−1	mod	p,	a	2	≡	±2	mod	p.	If	x	is	the	intervening	number	of	days,	then	x	≡	13	−	8	mod	13	x	≡	3	−	9	mod	20.	Define	X	=	{Ai	:	0	≤	i	<	4}	and	Y	=	{B	Ai	:	0	≤	i	<	4},	and	show	that	X	X	⊆	Q,	X	Y	⊆	Q,	etc.	V	=ê	ê	2	c3	ú	û	ë1	c	c	d2	1
d	d3	Subtract	the	top	row	from	each	of	the	other	rows	(which	does	not	change	the	determinant):	ùö	æé	a3	1	a	a2	ú	çê	çê0	b	−	a	b2	−	a	2	b3	−	a	3	ú	ú	.	Since	g	3	and	h	3	are	complex	conjugates,	both	g	and	h	can	be	chosen	to	be	complex	conjugates:	if	g	3	=	z,	then	g	3	=	z;	it	follows	that	g	+h	=	g	+g	is	real.	Therefore,	sgn(σ		)	=	(−1)[n−1]−[t−1]	=
(−1)n−t	=	sgn(σ	).	1.10	(M.	(iv)	Prove	that	Gal(Fq	/F	p	)	is	cyclic	of	order	n	with	generator	the	Frobenius	F.	It	follows	that	im	ϕ	≤	A,	for	matrix	multiplication	gives							1	0	a	b	1	0	a−b	b	=	1	1	c	d	−1	1	0	1	(the	bottom	row	of	the	last	matrix	is	(a	+	c)	−	(b	+	d)	b	+	d,	and	this	is	0	1	because	M	is	stochastic.	Define	di	:	R	n	→	R	by	di	(β)	=	D(αi	,	.	The
Chinese	remainder	theorem	gives	x	≡	174	mod	260	(and	so	the	number	of	intervening	days	is	either	174	or	86).	Let	{Ni	:	i	∈	I	}	be	a	family	of	normal	subgroups	of	a	group	G,	and	let	D	=	i∈I	Ni	.	f	(x)	=	350x	3	+	x	2	+	4x	+	1.	(ii)	If	V	is	a	vector	space	with	basis	X	=	v1	,	v2	,	define	T	:	V	→	V	by	T	(v1	)	=	av1	+	bv2	and	T	(v2	)	=	cv1	+	dv2	.	(ii)	Show	that
(a	+	b)2	≡	a	2	+	b2	mod	3.	The	proof	is	by	the	second	form	of	induction.	4.52	If	u	1	,	.	Define	ϕ	:	S	X	→	SY	by	ϕ	:	α		→	f	◦	α	◦	f	−1	.	Use	Proposition	2.24.	After	expanding,	we	obtain	the	equations	a+c	=0	d	+	ac	+	b	=	0	ad	+	bc	=	0	bd	=	1.	If	you	are	looking	for	a	job,	or	just	want	to	communicate	better	professionally,	this	course	is	a	must-have.	8	B3	B2
B1	1	A1	A2	A3	1	2	1	4	1	8	B0	1	1	1	1	Figure	1.4	Oresme’s	Dissections	1.15	Let	g1	(x),	.	Hence	a	is	divisible	by	7	if	and	only	if	r0	−r1	+r2	−·	·	·	is	divisible	by	7.	If	x	∈	G	m	∩	G	n	,	then	the	order	of	x	is	a	common	divisor	of	m	and	n.	Therefore,	2	p	2	=	14905800	and	p2	=	7452900.	Note	that	f	(x)		→	f	∗	(x),	which	reverses	coefficients,	is	not	a	welldefined
function	k[x]	→	k[x],	because	it	is	not	clear	how	to	define	f	∗	(x)	if	the	constant	term	of	f	(x)	is	zero.	(iii)	Show	that	Q	has	a	unique	subgroup	of	order	2,	and	it	is	the	center	of	Q.	,	dn−1	are	all	0.	2.137	True	or	false	with	reasons.	Let	g	∈	Aff(1,	R)	be	given	by	g(x)	=	cx	+	d.	If	d	=	sa	+	tb,	where	s	and	t	are	integers,	find	infinitely	many	pairs	of	integers	(sk	,
tk	)	with	d	=	sk	a	+	tk	b.	Exercises	for	Chapter	2	2.1	True	or	false	with	reasons.	1.61	Prove,	for	any	(possibly	negative)	integers	a	and	b,	that	(b,	a)	=	(b	−a,	a).	Now	a	=	0	implies	a	+	1	=	1,	and	so	there	exists	b	∈	R	#	with	(a	+	1)	◦	b	=	0;	that	is,	0	=	a	+	1	+	b	−	(a	+	1)b	=	a	+	1	+	b	−	ab	−	b.	(i)	Prove	that	the	probability	P	of	the	occurrence	of	exactly	
erroneous	letters	in	a	transmitted	word	of	length	n	is			p	P=	(1	−	p)n−	.	To	prove	F(a	+	b)	=	F(a)	+	F(b),	that	is,	(a	+	b)	p	=	a	p	+	b	p	,	use	the	binomial	theorem	and	Proposition	1.39,	which	says	that	p	|	pi	if	0	<	i	<	p.	(viii)	The	subgroup	#(1	2	3)$	is	a	normal	subgroup	of	S3	.	(120,	168,	328)	=	(120,	(328,	168))	=	(120,	8)	=	8	1.67	(i)	Consider	a
complex	number	z	=	q	+	i	p,	where	q	>	p	are	positive	integers.	(ii)	If	a,	b	∈	G	and	a	H	∩	bH	=	∅,	prove	that	a	H	=	bH	.	Hence,	b	=	5	+	10q.	The	argument	in	part	(i)	also	works	here:	if	p	<	q,	then	p	·	1	=	0	in	k	=	k		∩	k		,	because	k	≤	k		,	but	p	·	1	=	0	in	k	because	k	≤	k		.	2.104	(iii)	Give	an	example	in	which	α	is	injective	and	α∗	is	not	injective.	Since	n
is	squarefree,	(	p,	q)	=	1.	On	the	one	hand,	area(T	S	E)	=	12	(2	+	2r	)6	=	6	+	6r.	Conclude	that	G	=	a1	H	∪	·	·	·	∪	at	H	.	If	a	=	b,	then	δ	p	(a,	b)	=	a	−	b	p	=	0	p	=	0;	conversely,	if	δ	p	(a,	b)	=	0,	then	a	−	b	=	0	because	0	is	the	only	element	c	with	c	p	=	0.	One	can	prove	this,	for	fixed	k,	by	induction	on	n	≥	1.	If	r	=	0,	then	bi	=	qbi+1	;	canceling,	1	=	qb,
and	this	contradicts	the	hypothesis	that	b	is	not	a	unit.	1.44	(i)	If	z	=	r	[cos	θ	+	i	sin	θ],	show	that	√	w	=	n	r	[cos(θ/n)	+	i	sin(θ/n)]	is	an	nth	root	of	z,	where	r	≥	0.	,	vn	is	a	basis	of	V	,	define	δ1	,	.	The	idea	is	to	show	that	a	proof	of	the	Euclidean	algorithm	can	be	constructed	by	following	the	steps	of	the	algorithm.	3.19	(R.			Solution.	2.55	Give	an
example	of	two	subgroups	H	and	K	of	a	group	G	whose	union	H	∪	K	is	not	a	subgroup	of	G.		It	follows	that	iai	≡	(−1)2	=	1	mod	p.	,	q)	=	16	(q	6	+	2q	+	2q	2	+	q	3	).	(viii)	f	(x)	=	x	4	−	10x	2	+	1.	Show	that	if	f	(x)g(x)	is	monic,	then	[	f,	g](	f,	g)	=	f	g.	(xii)	For	every	integer	c,	the	polynomial	(x	+	c)2	−	(x	+	c)	−	1	is	irreducible	in	Q[x].	Again,	consider	f	(x)
=	(1+x)n	.	,	q)	=	14	(q	n	+	2q	n	2	/4	n	2	/2	+	x2	+	qn	2	/2	)	).	Explain	the	error	of	his	ways.	Define	a	chessboard	to	be	a	(q,	G)-coloring,	where	the	cyclic	group	G	=	#ρ$	of	order	4	is	acting.	If	|G|	=	2,	3,	or	5,	then	G	has	prime	order,	hence	G	is	cyclic,	hence	abelian.	But	this	contradicts	Lagrange’s	theorem,	for	3		7.	If	G	is	simple,	we	must	have	ker	ρ	=
{1},	so	that	G	is	isomorphic	to	a	subgroup	of	Sm	.	(ii)	Prove	that	every	a	∈	R	has	a	unique	additive	inverse:	if	a	+	b	=	0	and	a	+	c	=	0,	then	b	=	c.	Define	b	=	a(a	−	1)−1	.	If	there	is	a	prime	divisor	q	of	|E|	with	q	=	p,	then	Cauchy’s	theorem	gives	a	nonzero	element	b	∈	E	with	qb	=	0,	contradicting	every	nonzero	element	having	order	p.	Assume	that	a
≡	b,	so	there	is	u,	v	∈	R	with	a	=	ub	and	uv	=	1.	(v)	If	G	is	a	group	and	K		G,	then	every	homomorphism	G	→	G/K	has	kernel	K	.	Hence,	if	f	−1	(y)	=	b,	then	f	−1	(x	y)	=	ab	(since	f	(ab)	=	f	(a)	f	(b)	=	x	y),	and	so	f	−1	(x	y)	=	ab	=	f	−1	(x)	f	−1	(y).	Since	p	∼	=	3	mod	4,	we	have	p	=	4k	+	3	for	some	integer	k,	and	so	p	−	1	=	(4k	+	3)	−	1	=	4k	+	2	=	2(2k	+
1);	that	is,	p	−	1	=	2m,	where	m	=	2k	+	1	is	odd.	Thus,	the	irreducible	polynomials	are:	x5	+	x3	+	x2	+	x	+	1	x5	+	x4	+	x2	+	x	+	1	x5	+	x4	+	x3	+	x	+	1	x5	+	x4	+	x3	+	x2	+	1	x5	+	x3	+	1	3.90	(i)	x	5	+	x	2	+	1.	3.96	(i)	Prove	that	a	field	K	cannot	have	subfields	k		and	k		with	k		∼	=Q	and	k		∼	=	F	p	for	some	prime	p.	Replace	“even”	by	“multiple	of	3”
and	“odd”	by	“not	a	multiple	of	3.”	We	prove	this	by	the	second	form	of	induction	on	a	≥	1.	Since	bc	=	1,	this	gives	b	=	c	=	1	or	b	=	c	=	−1.	By	calculus,	arctan(tan	a)	=	a	and	tan(arctan	x)	=	x.	If	G	is	infinite,	this	argument	works	as	well,	if	one	knows	that	G	has	a	2-dimensional	direct	summand.	i	But		iai	=			i	ai	≡	[(	p	−	1)!]2	mod	p.	There	are	10
elements:	5	rotations:	(1),	(v0	v1	v2	v3	v4	),	(v0	v3	v1	v4	v2	),	(v0	v2	v4	v1	v3	),	(v0	v4	v3	v2	v1	);	5	reflections:	(v1	v4	)(v2	v3	),	(v0	v1	)(v2	v4	),	(v0	v2	)(v3	v4	),	(v0	v3	)(v1	v2	).	1.94	(i)	Show	that	(a	+	b)n	≡	a	n	+	bn	mod	2	for	all	a	and	b	and	for	all	n	≥	1.	(iii)	f	(x)	=	2x	3	−	x	−	6.	Therefore,	long	division	gives	x	4	−	15x	2	−	20x	−	6	=	(x	+	1)(x	+	3)(x	2	−
4x	−	2).	Write	σ	τ	=	(c0	,	c1	,	.	Now	x	=	h		k		and	y	=	hk,	where	h		,	h	∈	H	and	k		,	k	∈	K	.	There	are	3	products	of	disjoint	transpositions,	but	if	all	of	them	lie	in	H	,	then	together	with	(1),	they	constitute	H	,	forcing	H	=	V,	a	contradiction.	(i)	Prove	that	f	(0)	=	c0	.	Therefore,	the	set	of	all	C	∞	-functions	is	a	subring	of	F(R).	Consider	the	ring
homomorphism	ν	:	Z	→	Im	defined	by	ν	:	n		→	[n];	of	course,	ν	is	a	surjection.	X	X	≤	G.	3.17	True	or	false	with	reasons.	(i)	Prove	that	the	projection	π	:	C	→	An−d+1	,	defined	by	π(c1	,	.	(ix)	f	(x)	=	x	6	−	210x	−	616.	Therefore,	S4	/V	∼	=	S3	.	4.2	(i)	If	f	:	k	→	k	is	a	function,	where	k	is	a	field,	and	if	α	∈	k,	define	a	new	function	α	f	:	k	→	k	by	a		→	α	f	(a).	20
If	n	=	1,	then	the	equation	is	precisely	the	product	rule	of	Calculus:	(	f	g)	=	f		g	+	f	g		.	Now	G	is	acting	on	the	n	2	squares,	and	one	sees	that	ρ	is	a	product	of	n	2	/4	disjoint	4-cycles	in	the	first	case,	whereas	it	is	a	similar	product	with	a	1-cycle	otherwise.	(iii)	Does	β	=	(0,	−3,	5)	lie	in	the	subspace	spanned	by	α1	=	(0,	−2,	3),	α2	=	(0,	−4,	6),	α3	=	(1,	1,
−1)?	By	induction,	Fn	<	2n	for	all	n	≥	0.	Write	C	=	C	G	(x).	This	is	the	special	case	of	the	geometric	series	when	r	=	2;	hence,	the	sum	is	(1	−	2n+1	)/(1	−	2)	=	2n+1	−	1.	3.3	Let	R	be	a	commutative	ring.	Multiplying	both	sides	of	this	inequality	by	the	positive	number	1	+	x	preserves	the	inequality:	(1	+	x)n+1	=	(1	+	x)(1	+	x)n	≥	(1	+	x)(1	+	nx)	=	1	+
(n	+	1)x	+	nx	2	≥	1	+	(n	+	1)x,	because	nx	2	≥	0.	Since	H	=	R3	,	we	have	dim(H	)	<	3,	and	so	dim(H	)	=	2.	If	both	T	and	G/T	are	finitely	generated,	prove	that	G	is	finitely	generated.	C	=	5a	+	1	4a	=	5b	+	1	4b	=	5c	+	1	4c	=	5d	+	1	4d	=	5e	+	1	(1)	(2)	(3)	(4)	(5)	We	work	from	the	bottom	up.	A	linear	combination	of	X	=	1,	x,	x	2	,	x	3	,	.	If	m	=	a/b,	then
mb2	=	a	2	.	(viii)	If	f	:	N	→	N	is	given	by	f	(n)	=	n	+	1	and	g	:	N	→	N	is	given	by	g(n)	=	n	2	,	then	the	composite	g	◦	f	is	n		→	n	2	(n	+	1).	(iii)	If	A	and	B	are	n	×	n	matrices	over	a	field	k,	and	if	the	homogeneous	system	Ax	=	0	has	a	nontrivial	solution,	then	the	homogeneous	system	(AB)x	=	0	has	a	nontrivial	solution.	Otherwise,	if	(a,	b)	=	d,	then	a	=	da	
and	b	=	db	,	where	(a		,	b	)	=	1.	In	vector	space	notation,		=	#w$,	a	one-dimensional	subspace	of	R3	.	It	is	clear	that	An	=	I	=	B	2	.	Then	the	congruence	is	da		x	≡	db	mod	dm		.	Let	p	g(x)	=	i=0	bi	x	i	and	h(x)	=	j=0	c	j	x	j	,	where	p	+	q	=	n.	We	have	t	=	20	≈	4.47	and	cos	3θ	≈	.179.	This	makes	them	fast	to	complete	and	gives	you	a	quick	sense	of
accomplishment.Coursera	Intermediate	Grammar	Specialization	–	$40-$50/MonthThe	Intermediate	Grammar	Specialization	is	a	four-course	sequence	you	can	take	on	Coursera.	ê	..	But	|S|	is	the	sum	we	are	seeking.	2.72	Prove	that	any	two	dihedral	groups	of	order	2n	are	isomorphic.	(ii)	If	α	is	an	r	-cycle,	show	that	r	is	the	least	positive	integer	k	such
that	α	k	=	(1).	,	bn−1	have	been	defined,	then	we	have		0	=	a0	bn	+	ai	b	j	,	i+	j	=	n	j	0.	The	other	two	roots	can	be	found	by	two	methods.	Clearly,	(	f	g)	⊆	ker	ϕ.	This	contradicts	m	=	pt	being	the	smallest	positive	integer	with	y	m	=	1.	If	a,	b	∈	G,	where	G	is	abelian,	then	(ab)−1	=	b−1	a	−1	=	a	−1	b−1	.	1.28	True	or	false	with	reasons.	Hence,	f	(a)	has
order	n.	If	f	is	injective,	then	there	is	a	bijection	from	X	to	im	f	⊆	Y	.	Finally,	2q	p	=	28397460,	and	so	q	=	5201.	Now	R	is	the	identity	on	Y	=	[0,	12	],	so	that	it	is	symmetric	and	transitive.	(i)	|219	−	312	|	<	12	.	95	Solution.	Exercises	for	Chapter	3	3.1	True	or	false	with	reasons.	4.4	Prove,	in	the	presence	of	all	the	other	axioms	in	the	definition	of
vector	space,	that	the	commutative	law	for	vector	addition	is	redundant;	that	is,	if	V	satisfies	all	the	other	axioms,	then	u	+	v	=	v	+	u	for	all	u,	v	∈	V	.	Since	R	⊆	R[x],	we	have	v	∈	R[x],	and	so	u	is	a	unit	in	R[x].	Since	g	is	injective,	f	(x)	=	f	(x		);	since	f	is	injective,	x	=	x		.	Find	all	possible	eigenvalues	of	n	×	n	matrices	A	over	R	for	which	A	and	A2	are
similar.	2.82	Let	G	be	a	finite	group	written	multiplicatively.	Prove	that	≡	is	an	equivalence	relation.	2.92	An	automorphism	of	a	group	G	is	an	isomorphism	G	→	G.	(x)	The	3-cycles	(7	6	5)	and	(5	26	34)	are	conjugate	in	S100	.	3.78	(i)	Show	that	x,	y	∈	k[x,	y]	are	relatively	prime	but	that	1	is	not	a	linear	combination	of	them;	that	is,	there	do	not	exist	s(x,
y),	t	(x,	y)	∈	k[x,	y]	with	1	=	xs(x,	y)	+	yt	(x,	y).	It	is	straightforward	to	check	that	√	F	=	{a	+	b	2	:	a,	b	∈	Q}	√	is	a	subring	of	R,	and	so	F	is	a	commutative	ring.	Hence,	if	Am	=	0,	then	cm	=	0	(because	eigenvectors	are	nonzero).	(ii)	Prove	that	a	commutative	ring	R	is	a	field	if	and	only	if	the	set	R	#	=	{r	∈	R	:	r	=	1}	is	an	abelian	group	under	the	circle
operation.	2.28	Define	f	:	{0,	1,	2,	.	1.3	Show,	for	all	n	≥	1,	that	10n	leaves	remainder	1	after	dividing	by	9.		Solution.	If			a	b	A=	∈	A,	0	1	then	A	=	ϕ(M),	where	M=			a+b	b	.	Hence,	a	2	is	even;	it	follows	that	a	itself	is	even,	for	odd	×	odd	is	odd.	Assuming	that	one	of	these	congruences	can	be	solved,	we	have	factorizations	in	F	p	[x]	x	4	+	1	=	(x	2	+	ax
+	1)(x	2	−	ax	+	1)	or	x	4	+	1	=	(x	2	+	ax	−	1)(x	2	−	ax	−	1).	(iv)	Prove	that	A	+	(B	+	C)	=	(A	+	B)	+	C	(see	Figure	2.6).	(xiv)	The	symmetric	group	S6	is	simple.	Since	d	is	the	minimum	distance,	c	=	c	and	π	is	an	injection.	(iv)	The	set	of	all	positive	real	numbers	is	a	group	under	addition.	For	the	reverse	inclusion,	if	hk	∈	H	K	,	then	h	−1	,	k	−1	,	(hk)−1
∈	H	K	.	65	(iii)	Prove	that	ker	γ	=	Z	(G).	Irreducibility	of	a	polynomial	f	(x)	∈	k[x]	is	defined	in	terms	of	possible	factorizations	f√	(x)	=	g(x)h(x),	where√g(x)	and	h(x)	are	poly/	k[x];	otherwise,	x	√would	nomials.	But	n	|	|G/K	|	=	[G	:	K	],	by	Lagrange’s	theorem,	and	so	n	is	a	common	divisor	of	|K	|	and	|G/K	|.	Every	subring	of	a	domain	is	a	domain.	If	v
exists,	then	the	equation	uv	=	1	would	imply	that	i+	j=n	ai	b	j	=	0	for	all	n	>	0.	√	Apply	the	cubic	formula:	q	=	−51,	r	=	90,	D	=	−11552.	(iv)	If	f	(x)	=	3x	4	+	ax	3	+	bx	2	+	cx	+	7	with	a,	b,	c	∈	Q,	then	the	roots	of	f	(x)	in	Q,	if	any,	lie	in	{±1,	±7,	±	13	,	±	73	}.	(ii)	If	A	and	B	are	n	×	n	matrices	over	a	field	k,	and	if	the	homogeneous	system	Ax	=	0	has	a
nontrivial	solution,	then	the	homogeneous	system	(B	A)x	=	0	has	a	nontrivial	solution.	(ii)	Define			(2,	R)	to	be	the	set	of	all	nonsingular	doubly	stochastic	matrices	(all	row	sums	are	1	and	all	column	sums	are	1).	(ii)	Prove	that	A	+	A	=	∅.	(iii)	If	k	is	a	field	and	f	(x)	∈	k[x]	can	be	written	as	ap1	(x)	·	·	·	pm	(x)	and	bq1	(x)	·	·	·	qn	(x),	where	a,	b	are
constants,	p1	(x),	.	Hardy	mentioned	that	the	number	1729	of	the	taxi	he	had	taken	to	the	hospital	was	not	an	interesting	number.	Then	β	lies	in	the	row	space	Row(A)	if	and	only	if	Pβ	∈	Row(U	).	1.59	Let	a,	b	and	d	be	integers.	(ii)	If	i	=	j	and	r	∈	R,	prove	that	di	(αi	+	r	α	j	)	=	D(A).					1	1	1	n	n	AB	=	and	(AB)	=	.	−	+	−	·	·	·	+	(−1)n	n	0	1	2	Solution.
Define	g	:	H	→	(H	×	K	)/K	∗	by	g(x)	=	(x,	1)K	∗	,	67	where	x	∈	H	.	(i)	Let	A	be	the	set	of	all	2×2	matrices	of	the	form	A	=	a0	b1	,	where	a	=	0.	If	u	∈	V	,	then	#v$	=	V	=	#v,	u$	(for	neither	subspace	is	{0}),	so	that	v,	u	is	a	linearly	dependent	list.	Similarly,	the	factors	in	(	pr	)!,	other	than	pr	itself,	have	the	form	pr	−	i,	for	i	in	the	same	range:	1	≤	i	≤	pr	−
1.	(ii)	If	S1	and	S2	are	subsets	of	a	set	X	,	and	if	f	:	X	→	Y	is	a	function,	prove	that	f	(S1	∩	S2	)	⊆	f	(S1	)∩	f	(S2	).	(i)	Prove	that	N	:	R	×	→	N,	defined	by	N	(m	+nα)	=	m	2	−mn	+5n	2	,	is	multiplicative:	N	(uv)	=	N	(u)N	(v).	Hence	4b3	=	8m	3	;	canceling,	b3	=	2m	3	,	forcing	b	to	be	even.	To	prove	uniqueness,	suppose	that	n	=	3k	m	=	3t	m		,	where	both	k
and	t	are	nonnegative	and	both	m	and	m		are	not	multiples	of	3;	it	must	be	shown	that	k	=	t	and	m	=	m		.	1.93	How	many	days	are	there	between	Akbal	13	and	Muluc	8	in	the	Mayan	tzolkin	calendar?	If	x	∈	X	and	f	(x)	=	y,	the	equivalence	class	[x]	is	denoted	by	f	−1	(y);	it	is	called	the	fiber	over	y.	5.29	Let	f	(x)	∈	Q[x]	be	an	irreducible	cubic	with	Galois
group	G.	By	casting	out	9s,	a	number	is	divisible	by	9	if	and	only	if	the	sum	of	its	(decimal)	digits	is	divisible	by	9.	We	know	that	cos	ϕ	is	a	root	of	f	(x)	=	4x	3	−	3x	−	r	,	where	r	=	cos	3ϕ.	Thus,	#	p,	q$	⊂	H	,	so	that	2	=	dim(#	p,	q$)	≤	dim(H	).	(ii)	How	many	elements	of	order	2	are	there	in	Sn	?	If	f	(x)	=	(x	−	a)g(x),	then	the	splitting	field	of	f	(x)	over	Q
is	the	same	as	the	splitting	field	of	g(x);	hence,	the	Galois	groups	of	f	(x)	and	of	g(x)	are	equal.	There	is	n	µ(n)	1	1	2	2	3	3	4	4	5	6	6	6	7	12	8	15	9	20	10	24	no	known	formula	for	µ(n),	though	its	asymptotic	behavior	is	known,	by	a	theorem	of	E.	2.65	If	there	is	a	bijection	f	:	X	→	Y	(that	is,	if	X	and	Y	have	the	same	number	of	elements),	prove	that	there	is
an	isomorphism	ϕ	:	S	X	→	SY	.	Since	H	contains	1,	the	order	of	H	is	a	sum	of	1	together	with	some	of	the	numbers	12,	12,	15,	and	20.	j	This	says	that	the	polynomial	x	p	−	x	has	pn	>	p	j	roots,	and	this	is	a	contradiction.	Therefore,	r	=	0.	Hence,	a	=	1	=	b	or	a	=	−1	=	b.	Since	a	and	b	are	relatively	prime,	the	sets	of	primes	occurring	in	the	factorization
of	a	and	of	b	are	disjoint.	Is	this	true	for	vector	spaces	over	any	other	field?	√	The	quadratic	formula	gives	the	other	two	roots:	−4	±	8,	both	of	which	are	negative.	59	2.77	(i)	Prove	that	the	special	orthogonal	group	S	O(2,	R)	is	isomorphic	to	the	circle	group	S	1	.	Expanding	and	equating	coefficients	gives	the	following	equations:	c	+	b	−	a	2	=	10	a(c	−
b)	=	0	bc	=	1.	2.135	If	n	≥	3,	prove	that	An	is	the	only	subgroup	of	Sn	of	order	12	n!.	The	converse	follows	by	replacing	α	by	α	−1	,	for	(α	−1	)−1	=	α.	(iii)	Prove	that	there	is	no	surjective	ring	homomorphism	R	→	I2	or	R	→	I3	.	Conversely,	prove	that	if	R	is	a	domain,	then	(a)	=	(b)	implies	a	≡	b.	If	there	is	a	∈	G	with	a	∈	/	Z	(G),	then	conjugation	by	a	is
a	nontrivial	automorphism;	therefore,	G	is	abelian.	1,	while	the	right	side	is	15	+	12	+	13	−	30	For	the	inductive	step,			1	14	+	24	+	·	·	·	+	n	4	+	(n	+	1)4	=	15	n	5	+	12	n	4	+	13	n	3	−	30	n	+	(n	+	1)4	.	But	An	is	generated	by	the	3-cycles,	and	so	H	=	An	.	But	1	=	|ab|	=	|a|	|b|	gives	|a|	=	1	=	|b|.	i	1	)	=	·	·	·	=	(ir	i	1	.	If	sa	+	tb	=	1,	then	any	common
divisor	of	a	and	b	must	divide	1;	hence,	a	and	b	are	relatively	prime.	It	also	follows	from	this	formula	that	multiplication	in	F4	is	commutative.	In	particular,	the	condition	holds	if	hk	=	kh	for	all	h	∈	H	and	k	∈	K.	=	Im	r	r	=0	18	Write	n	=	2m	+	1.	If	(|K	|,	[G	:	K	])	=	1,	prove	that	K	is	the	unique	subgroup	of	G	having	order	|K	|.	(iii)	For	all	rationals	a,	b,
prove	that	δ	p	(a,	b)	=	δ	p	(b,	a).	(i)	Prove	the	additive	cancellation	law.	14	(v)	Let	f	(x)	=	ax	2	+	bx	+	c,	where	a,	b,	c	are	real	numbers.	The	proof	is	by	induction	on	n	≥	2.	5.23	Given	f	(x)	=	ax	2	+	bx	+	c	∈	Q[x],	prove	that	the	following	statements	are	equivalent.	Every	nonzero	element	of	Fq	has	the	form	α	i	for	some	i,	and	σ	(α	i	)	=	[σ	(α)]i	.	Then	4b3
=	a	3	,	so	that	a	is	even;	say,	a	=	2m.	(ix)	If	every	subgroup	of	a	group	G	is	a	normal	subgroup,	then	G	is	abelian.	Prove	that	(q	2	−	p2	,	2q	p,	q	2	+	p2	)	is	a	Pythagorean	triple	by	showing	that	|z	2	|	=	|z|2	.	Show	that	ax	≡	b	mod	m	has	a	solution	if	and	only	if	d	|	b.	139	(iv)	Prove	that	every	hermitian	matrix	A	over	C	is	diagonalizable.	(iv)	If	I	is	a	proper
ideal	in	a	commutative	ring	R,	then	R	has	a	subring	isomorphic	to	R/I	.	But	hk	=	(h	−1	k	−1	)−1	=	(k	−1	)−1	(h	−1	)−1	∈	K	H	,	and	so	H	K	⊆	K	H	.	For	the	inductive	step,					f	n+1	=	f	n	f			=	fn	f	+	fn	f	=	(n	f	n−1	f		)	f	+	f	n	f		=	(n	+	1)	f	n	f		.	(i)	Give	an	example	of	a	nonsingular	matrix	P	for	which	P	A	P	−1	is	not	symmetric.	If	i	<	j,	prove	that	(i	j)	is	a
product	of	an	odd	number	of	adjacencies.	On	the	other	hand,	the	defining	property	of	1	gives	e1	=	e.	He	gives	the	extra	one	to	the	monkey,	hides	his	share,	and	goes	to	sleep.	The	function	f	:	(πn	)	→	S	X	∼	=	Sn	,	defined	by	ϕ		→	ϕ|X	,	is	easily	seen	to	be	an	injective	homomorphism.	Therefore,	a	≡	d0	+	10d1	mod	100.	Conversely,	assume	that	(ab)−1	=
a	−1	b−1	for	all	a,	b	∈	G.	2.117	If	p	is	a	prime	and	G	is	a	finite	group	in	which	every	element	has	order	a	power	of	p,	prove	that	G	is	a	p-group.	What	stands	out	about	this	course	is	its	exhaustive	and	methodical	approach	to	learning	the	language.	Conclude	that	the	quotient	of	a	nonabelian	group	by	its	center	can	be	abelian.	2.15	(i)	If	f	:	(−π/2,	π/2)	→
R	is	defined	by	a		→	tan	a,	then	f	has	an	inverse	function	g;	indeed,	g	=	arctan.	1	1	The	2,1	entry	of	AB	is	d	=	a,	while	the	2,1	entry	of	B	A	is	a	+c.	Conclude	that	the	quotient	Q/Z	(Q)	is	not	isomorphic	to	a	subgroup	of	Q.	,	an	,	then	d	=	ti	ai	,	where	ti	is	in	Z	for	all	i	with	1	≤	i	≤	n.	i+	j	=	n−m	p	q	Therefore,	if	we	define	g	∗	(x)	=	i=0	b	p−i	x	i	and	h	∗	(x)	=
j=0	cq−	j	x	j	,	then	f	(x)	=	g	∗	(x)h	∗	(x),	contradicting	the	irreducibility	of	f	(x).	3.25	If	R	is	a	domain,	prove	that	there	is	no	subfield	K	of	Frac(R)	such	that	R	⊆	K	Frac(R).	4.18	Let	Ax	=	b	be	a	linear	system	of	equations,	and	let	s	be	a	solution.	2.133	(i)	Prove	that	if	a	simple	group	G	has	a	subgroup	of	index	n,	then	G	is	isomorphic	to	a	subgroup	of	Sn	.
(iii)	If	r	j	∈	R,	prove	that	di	(αi	+		r	j	α	j	)	=	D(A).	77	(iv)	Use	parts	(ii)	and	(iii)	to	give	a	second	proof	of	the	simplicity	of	A5	.	On	the	other	hand,	we	can	do	term-by-term	differentiation:	f		(x)	=	n	n			x	r	−1	.	The	Pythagorean	theorem	(applied	to	OC	T	)	gives	r	2	+	a	2	=	(r	+	2)2	=	r	2	+	4r	+	4,	and	so	a	2	=	4r	+	4.	By	the	inductive	hypothesis,	n	−	2	≤
Fn−2	and	n	−	1	≤	Fn−1	.	(iii)	If	V	is	finite	dimensional,	prove	that	every	subspace	U	of	V	is	a	direct	summand.	Conditions	(i)	and	(ii)	are	the	hypotheses	needed	to	prove,	by	(ordinary)	induction	that	the	statements	S(m,	0)	are	true	for	all	m	≥	0.	136	(viii)	If	A	=	13	24	,	then	A2	−	5A	−	2I	=	0.	3	Since	a	is	positive,	Theorem	1.4(i)	gives	a	n+1	=	aa	n	≤
abn	;	since	b	is	positive,	Theorem	1.4(i)	now	gives	abn	≤	bbn	=	bn+1	.	This	gives	the	contradiction	360	=	|A6	|	≤	p!.	The	commutative	ring	I4	is	not	even	a	domain,	for	[2]	=	[0]	and	[2][2]	=	[4]	=	[0].	Assuming	that	b0	,	.	(ii)	2	|	6.	Let	g	:	Y	→	X	and	h	:	Y	→	X	both	be	inverses	of	f	.	If	f	∗	(x)	denotes	the	polynomial	f	(x)	with	coefficients	reversed,	then	a
factorization	f	∗	(x)	=	g(x)h(x)	gives	a	factorization	f	(x).	But	1	∈	Y	,	and	so	there	is	at	least	one	element	g	∈	Y	with	g	=	1	and	g	2	=	1	(indeed,	there	are	an	odd	number	of	such	elements.)	2.47	What	is	the	largest	order	of	an	element	in	Sn	,	where	n	=	1,	2,	.	(i)	For	all	integers	r	with	0	<	r	<	7,	the	binomial	coefficient	r7	is	a	multiple	of	7.	(iii)	Exhibit	all
the	permutations	in	S7	commuting	with	(1	2)(3	4	5).	First,	1729	is	the	sum	of	two	cubes	in	two	different	ways:	1729	=	13	+	123	;	1927	=	93	+	103	.	(i)	Let	p	be	a	positive	number.	The	proof	is	the	same	as	for	Exercise	1.76,	mutatis	mutandis.	Let	z	∈	Z	.	3.20	Prove	that	every	domain	R	with	a	finite	number	of	elements	must	be	a	field.	,	gn	(x)	be
differentiable	functions,	and	let	f	(x)	be	their	product:	f	(x)	=	g1	(x)	·	·	·	gn	(x).	(vi)	Let	f	(x)	=	ax	2	+	bx	+	c,	where	a,	b,	c	are	complex	numbers.	One	is	α	=	(1	2)	and	β	=	(1	3).	(i)	If	V	and	W	are	finite	dimensional,	prove	that	dim(Homk	(V,	W	))	=	dim(V	)	dim(W	).	Therefore,	a	=	0	and	b	=	c.	(ix)	113	is	a	sum	of	distinct	powers	of	2.	4.57	If	A	is	an	n×n
matrix	over	a	field	k,	where	n	≥	2,	prove	that	det(adj(A))	=	det(A)n−1	.	,	an	which	divides	every	other	common	multiple.	But	X	=	A	∩	B	⊆	A	implies	that	A	=	X.	(ix)	Complex	conjugation	z	=	a	+	ib		→	z	=	a	−	ib	is	a	bijection	C	→	C.	(iii)	The	empty	set	∅	is	a	subgroup	of	G.	Expanding	gives	which	is	1	4	4n	1	4	(n	+	32	n	3	+	13	2	4n	+	3n	+	1,	+	1)4	+	12	(n
+	1)3	+	14	(n	+	1)2	.	Duolingo	works	well	for	complete	beginners.	Draw	a	subset	of	X	×	X	showing	that	domination	is	a	relation	on	X	.	University	of	Washington	English	for	Professional	Networking	–	$300-$350This	advanced	course	by	the	University	of	Washington	will	help	you	network	professionally.	(iii)	Prove	that	cn	=	f	(n)	(x)(0)/n!	for	all	n	≥	0.
The	set	C	consisting	of	the	lengths	of	such	(finite)	sequences	is	a	nonempty	subset	of	the	natural	numbers.	Thus,	199	is	the	smallest	such	solution.	n},	and	let	F	=	{σ	∈	An	:	σ	fixes	all	i	with	i	=	i	1	,	.	Hence,	16c	=	5	·	(5e	+	1)	+	4	=	25e	+	9.	There	are	many	examples.	If	U	is	the	solution	space	of	the	homogeneous	linear	system	Ax	=	0,	prove	that	every
solution	of	Ax	=	b	has	a	unique	expression	of	the	form	s	+	u	for	u	∈	U	.	is	the	Fibonacci	sequence.	(i)	Prove	that	every	orthogonal	transformation	is	nonsingular.	b	in	I4	is	nonzero,	then	a	=	0	or	Solution.	The	inequality	of	the	means	gives			(s	−	a)	+	(s	−	b)	+	(s	−	c)	3	A2	,	≥	(s	−	a)(s	−	b)(s	−	c)	=	3	s	with	equality	holding	if	and	only	if	s	−	a	=	s	−	b	=	s
−	c.	(x	−	rn	)	∈	E[x],	where	E	is	some	field	containing	k.	,	qn	(x)	are	irreducible.	By	induction,	S(n)	is	true	for	all	n	≥	1.	(vii)	There	is	an	integer	n	with	n	≡	1	mod	100	and	n	≡	4	mod	1001.	146	5.13	Find	the	roots	of	x	3	−	6x	+	4.	Let	X	=	{a1	,	a2	,	.	(i)	How	many	bracelets	are	there	having	5	beads,	each	of	which	can	be	colored	any	one	of	q	available
colors?	Therefore,	the	total	number	of	p’s	dividing	apr	must	equal	the	total	number	of	p’s	dividing	pr	m.	Let	p	be	a	prime	divisor	of	n,	so	that	n	=	pq.	(ii)	Prove	that	a	nonzero	u	∈	R	is	a	unit	if	and	only	if	∂(u)	=	∂(1).	(x)	The	set	of	all	f	:	R	→	R	with	f	(1)	=	0	is	a	subspace	of	F(R).	Assume	that	R	is	a	field.	If	we	neglect	the	binary	digits	0,	then	every	positive
integer	is	uniquely	a	sum	of	powers	of	2.	1.2	(i)	For	any	n	≥	0	and	any	r	=	1,	prove	that	1	+	r	+	r	2	+	r	3	+	·	·	·	+	r	n	=	(1	−	r	n+1	)/(1	−	r	).	1.99	How	many	times	in	1900	did	the	first	day	of	a	month	fall	on	a	Tuesday?	2.63	(i)	Show	that	a	left	coset	of	#(1	2)$	in	S3	may	not	be	equal	to	a	right	coset	of	#(1	2)$	in	S3	;	that	is,	there	is	α	∈	S3	with	α#(1	2)$
=	#(1	2)$α.	Go	up	again	after	multiplying	by	64:	256a	=	5(64b)	+	64	=	5(125e	+	61)	+	64	=	625e	+	369.	Algebraic.	5.22	Let	q	=	pn	for	some	prime	p	and	some	n	≥	1.	(i)	Prove	that	F	:	k	→	k	is	an	injection.	(ii)	Using	part	(i)	of	this	exercise,	give	another	proof	of	Corollary	4.96:	if	A	and	B	are	similar	matrices	with	entries	in	a	field	k,	then	tr(A)	=	tr(B).	(i)
Prove	that	∂(1)	≤	∂(a)	for	all	nonzero	a	∈	R.	Model	your	solution	on	the	proof	of	Proposition	1.14.	There	may	not	exist	y	∈	X	with	x	∼	y.	,	αn	$	if	and	only	if	the	inhomogeneous	system	Ax	=	β	has	a	solution.	(x)	Every	proper	subgroup	of	S3	is	cyclic.	It	follows	from	Corollary	2.145	that	the	conjugacy	class	of	(1	2	3)	in	A5	has	the	same	size	as	in	S5	,
namely,	20.	(iii)	Using	a	calculator	which	can	find	square	roots	but	which	can	display	only	8	digits,	show	that	(19597501,	28397460,	34503301)	is	a	Pythagorean	triple	by	finding	q	and	p.	,	an	are	(not	necessarily	distinct)	elements	in	a	group	G,	prove	that	(a1	a2	·	·	·	an	)−1	=	an−1	·	·	·	a2−1	a1−1	.	Prove	that	every	subgroup	S	of	a	finitely	generated
abelian	group	G	is	itself	finitely	generated.	4.25	Do	the	vectors	v1	=	(1,	4,	3),	v2	=	(−1,	−2,	0),	v3	=	(2,	2,	3)	span	k	3	?	(iv)	4x	+	3	≡	4	mod	5.	80	Solution.	Both	require	the	substitution	X	=	x	−	13	,	yielding	the	reduced	cubic	x	3	−	13	x	−	970	27	.	a+bdet(A)	−1	b	As	usual,	A	=	b	a	,	and	so	it	is	only	a	question	of	whether	this	matrix	lies	in	I4	;	that	is,	is
the	2,	2	entry	the	sum	of	the	entries	in	row	1?	(vii)	The	primitive	4th	roots	of	unity	are	i	and	−i.	∗	w	y	61	If	AB	=	B	A,	then	cw	+	dy	=	ay	+	cz;	that	is,	c(w	−	z)	=	y(a	−	d).	(i)	There	is	a	largest	integer	in	every	nonempty	set	of	negative	integers.	or	its	affiliates	Want	more?	4.41	(i)	Let	U	=	{(a,	a)	:	a	∈	R}.	But	if	d	is	a	common	divisor	of	Fn+1	and	Fn	,
then	d	divides	Fn−1	=	Fn+1	−	Fn	,	so	that	(Fn	,	Fn−1	)	=	1.	(iv)	Prove	that	two	groups	that	are	isomorphic	to	a	third	group	are	isomorphic	to	each	other.	Assume	there	are	t	elements	in	G	of	order	k,	and	s	elements	of	order	k	in	H.	(ii)	Define	A∞	to	be	the	subgroup	of	F∞	generated	by	the	3-cycles.	(vi)	There	exists	a	sequence	of	statements	S(1),	S(2),	.
,	x	100	is	linearly	independent	in	k[x].	4.7	Prove	that	the	columns	of	an	m	×	n	matrix	A	over	a	field	k	are	linearly	dependent	in	k	m	if	and	only	if	the	homogeneous	system	Ax	=	0	has	a	nontrivial	solution.	Conclude,	using	Exercise	2.45,	that	there	exists	exactly	one	g	∈	G	with	g	2	=	x.	When	n	=	1,	the	left	side	is	1	and	the	right	side	is	13	+	12	+	16	=	1.	It
Solution.	(viii)	If	X	and	Y	are	bases	of	a	finite	dimensional	vector	space	over	a	field	k,	then	Y	[1V	]	X	is	the	identity	matrix.	−4,	2	±	i	3.	Now	go	up	to	the	next	equation	(3),	which	we	multiply	by	16:	64b	=	5(16c)	+	16	=	5(25e	+	9)	+	16	=	125e	+	61.	Yes,	because	(m	+	1)n+1	=	(m	+	1)(m	+	1)n	>	(m	+	1)mn	=	m	2	n	+	mn	>	mn	+	m,	for	m	2	n	≥	mn	and
mn	≥	m.	Now	use	the	general	fact	that	if	p	≥	q	>	0	and	p		≥	q		>	0,	then	pp	≥	qq		to	obtain	(a1	+	a2	+	·	·	·	+	an	)/n]n	[(1/a1	+	1/a2	+	·	·	·	+	1/an	)/n]n	≥	(a1	·	·	·	an	)(1/a1	·	·	·	1/an	).	2.134	Let	G	be	a	group	with	|G|	=	mp,	where	p	is	a	prime	and	1	<	m	<	p.	Both	the	product	of	two	matrices	with	rational	entries	and	the	inverse	of	a	matrix	with	rational
entries	have	rational	entries.	Similarly,	cos	3(θ	+	240◦	)	=	cos3θ,	and	cos(θ	+	240◦	)	is	also	a	root	of	f	(x).	(ii)	Find	d	=	gcd(7563,	526),	and	express	d	as	a	linear	combination	of	7563	and	526.	If	k	>	t,	then	canceling	3t	from	both	sides	gives	3k−t	m	=	m		.	3.94	(Chinese	Remainder	Theorem	in	k[x])	(i)	Prove	that	if	k	is	a	field	and	f	(x),	f		(x)	∈	k[x]	are
relatively	prime,	then	given	b(x),	b	(x)	∈	k[x],	there	exists	c(x)	∈	k[x]	with	c	−	b	∈	(	f	)	and	c	−	b	∈	(	f		);	moreover,	if	d(x)	is	another	common	solution,	then	c	−d	∈	(	f	f		).	57	If	f	:	G	→	H	and	g	:	G	→	K	are	isomorphisms,	then	g	−1	:	K	→	G	is	an	isomorphism,	by	(ii),	and	so	f	◦	g	−1	:	K	→	H	is	an	isomorphism.	1.17	Prove	that	every	positive	integer	a	has	a
unique	factorization	a	=	3k	m,	where	k	≥	0	and	m	is	not	a	multiple	of	3.	(ii)	Prove	that	if	α	is	an	r	-cycle,	then	α	k	is	a	product	of	(r,	k)	disjoint	cycles,	each	of	length	r/(r,	k).	If	β	∈	R	and	π		β,	prove	that	π	and	β	are	relatively	prime.	For	the	base	step,	suppose	that	|ε1	+	ε2	|	=	2.	We	cannot	have	ε2	=	−ε1	,	for	this	gives	|ε1	+	ε2	|	=	0.	Straightforward
verification	of	the	axioms.	68	Solution.	For	each	M	∈	Q	but	not	in	#−I	$,	there	is	a	matrix	M		∈	Q	with	M	M		=	M		M.	Now	g(1899)	≡	0	mod	7,	and	the	congruence	is	3	≡	1	+	j	(m)	mod	7	or	j	(m)	≡	2	mod	7.	Let	f	:	G	→	L	and	g	:	H	→	L	be	isomorphisms.	There	are	two	cases	to	consider.	α	=	(1	2)(4	3)(1	3	5	4	2)(1	5)(1	3)(2	3)	=	(1	5	4)(2	3).	Hence,	2n	−	3
≤	Fn	.	2.26	Show	that	an	r	-cycle	is	an	even	permutation	if	and	only	if	r	is	odd.	By	part	(1),	f	is	a	bijection,	giving	the	contradiction	11	=	10.	1.39	Give	at	least	two	different	proofs	that	a	set	X	with	n	elements	has	exactly	2n	subsets.	(iv)	If	q	is	a	rational	number,	then	e2πiq	is	a	root	of	unity.	Hence,	e	=	α	−1	βs	∈	S,	forcing	V	⊆	S,	and	so	S	=	V	.	A	normal
subgroup	H	containing	a	3-cycle	α	must	contain	every	conjugate	of	α;	as	all	3-cycles	are	conjugate,	H	contains	every	3-	cycle.	,	u	m	of	U	,	so	that	dim(U	)	=	m,	and	extend	it	to	a	basis	of	V	by	adjoining	vectors	v1	,	.	The	first	man	awakens	and	decides	to	take	his	share.	If	f	is	a	unit,	there	is	g	∈	F(R)	with	f	g	=	1;	that	is,	f	(r	)g(r	)	=	1	for	all	r	∈	R,	and	so	f
(r	)	=	0	for	all	r	∈	R.	119	(xiii)	For	every	positive	integer	n,	there	exists	a	field	with	exactly	10n	elements.	4.29	Let	α1	,	.	1.97	On	a	desert	island,	five	men	and	a	monkey	gather	coconuts	all	day,	then	sleep.	If	c	is	a	common	divisor	of	a	and	b,	then	c	|	a	and	c	|	b;	hence,	c	|	b	−	a,	and	c	is	a	common	divisor	of	a	and	b	−	a.	These	range	from	beginner-
focused	courses	to	advanced	courses	for	native-level	speakers.Rosetta	Stone	English	(American)	Course	–	$20-$30/MonthThe	American	English	course	by	Rosetta	Stone	is	an	online	course	that	teaches	you	English	from	the	ground	up.	3.18	(i)	If	R	is	a	commutative	ring,	define	the	circle	operation	a	◦	b	by	a	◦	b	=	a	+	b	−	ab.	The	inductive	hypothesis	is
a	n	≤	bn	.	We	offer	only	three.	If	a	B	=	cB,	then	c−1	a	∈	B	≤	ker	ϕ,	and	so	ϕ(c−1	a)	=	1.	We	claim	that	I	=	(x	m	).	2.122	(i)	If	H	is	a	subgroup	of	G	and	if	x	∈	H	,	prove	that	C	H	(x)	=	H	∩	C	G	(x).	Then	βαi	=	β	j	=	j,	while	αβi	=	αk	=	j	(for	α	is	injective,	and	so	k	=	i	implies	αk	=	αi	=	j).	It	follows	that	bb	∈	R.	Given	a	system	of	linear	equations	Ax	=	0	with
coefficients	in	a	field,	ax	+	by	=	p	cx	+	dy	=	q,	134	prove	that	there	exists	a	unique	solution	if	and	only	if	det(A)	=	0.	(It	can	be	shown	that	x	p	−	t	is	an	irreducible	polynomial.)	Solution.	Prove	that	the	coefficient	vector	a	=	(a0	,	.	For	the	reverse	inclusion,	let	b	∈	ker	γ	,	so	that	γ	(b)	=	1.	Therefore,	K	H	⊆	H	K	.	(iii)	20	11	is	invertible	over	Z.	Therefore,
dim(V	)	=	1.	The	centralizer	C	S5	(1	2	3)	consists	of	(1),	(1	2	3),	(1	3	2),	(4	5),	(4	5)(1	2	3),	(4	5)(1	3	2);	Only	the	first	3	of	these	are	even,	and	so	|C	A5	((1	2	3))|	=	3.	Here	are	two	ways	to	proceed.	Using	Example	2.30,	these	determine	conjugacy	classes	in	S5	of	sizes	1,	20,	24,	and	15,	respectively.	Here	is	a	second	proof.	A	group	of	order	2	must	be	a
cyclic	group	generated	by	an	element	of	order	2.	Similarly,	I4	×	I2	∼	=	I2	×	I2	×	I2	because	I4	×	I2	has	an	element	of	order	4	and	I2	×	I2	×	I2	does	not.	We	know	that	the	Frobenius	F	:	k	→	k	is	injective;	since	k	is	finite,	it	must	also	be	surjective,	by	Exercise	2.13.	−3,	−1,	2	±	6.	)	by	σ	=	s0	+	s1	x	+	s2	x	2	+	·	·	·	.	,	bn	),	then	(v,	u)	=	a1	b1	+	·	·	·	+	an	bn
.	For	the	inductive	step,	let	a	≥	1.	3.28	(i)	For	any	field	F,	prove	that	(2,	F)	∼	=	Aff(1,	F),	where	(2,	F)	denotes	the	stochastic	group.	Since	R	is	a	domain,	s	p	=	0	and	tq	=	0	imply	s	p	tq	=	0.	By	Corollary	3.75,	one	can	check	this	criterion	by	computing	this	gcd	in	R[x].	2.7	Let	X	and	Y	be	sets,	and	let	f	:	X	→	Y	be	a	function.	(ii)	Prove	that	the	inverse	of	an
isomorphism	is	an	isomorphism.	If	k	<	r	,	then	α	k	(i	0	)	=	i	k	=	i	0	,	so	that	α	k	=	1.	Hence,	the	problem	has	been	reduced	to	looking	within	S4	.	The	inverse	function	sends	(cos	α,	sin	α)	to	the	matrix	in	the	definition	of	ϕ.	1.6	Prove	that	13	+	23	+	·	·	·	+	n	3	=	14	n	4	+	12	n	3	+	14	n	2	.	The	base	step	is	true	because	α	and	β	commute.	1.25	For	every
acute	angle	θ,	i.e.,	0◦	<	θ	<	90◦	,	prove	that	sin	θ	+	cot	θ	+	sec	θ	≥	3.	It	is	clear	that	R	contains	1,	and	one	shows	easily	that	a	−	a,√	b	−	b	,	a	−	b,	if	a,	a		∈	A	and	b,	b	∈	B,	then	√	R	contains	1				and	aa	.	Therefore,	a/b	is	an	nth	root	of	unity,	and	so	a/b	=	ζ	k	for	some	k;	that	is,	a	=	ζ	k	b.	This	argument	really	shows	that	if	R	is	a	PID	and	L	is	an	ideal	in	R,
then	every	ideal	in	the	quotient	ring	R/L	is	principal.	But	the	addition	formula	for	cosine	gives	cos	3(θ	+	120◦	)	=	cos	3θ	=	r,	and	so	cos(θ	+	120◦	)	is	also	a	root	of	f	(x).	One	of	the	cycles	in	the	complete	factorization	of	σ	is	the	1cycle	(	j).	Prove	that	an	n	×	n	matrix	A	with	entries	in	a	field	k	is	singular	if	and	only	if	0	is	an	eigenvalue	of	A.	Hence,	3	|	(x
+	1)(x	−	1)	and	7	|	(x	+	1)(x	−	1).	Use	the	CayleyHamilton	theorem	to	prove	the	converse:	if	all	the	eigenvalues	of	a	matrix	A	are	0,	then	A	is	nilpotent.	Finally,	D8	∼	=	Q	because	Q	has	only	1	element	of	order	2	while	D8	has	more	than	one	element	of	order	2.	53	Solution.	If	O	=	X	[U	]	X	,	prove	that	O	−1	=	O	T	.	Oresme	was	able	to	sum	the	series	∞
n=1	n/2	by	dissecting	the	region	in	Figure	1.4	in	two	ways.	The	proof	of	the	binomial	theorem	for	real	numbers	used	only	properties	of	the	three	operations:	addition,	multiplication,	and	division.	Since	p	is	odd,	−1	≡	1	mod	p,	and	this	is	a	contradiction.	(ii)	Let	k	be	a	field,	and	let	P2	(k)	be	the	projective	plane	consisting	of	all	points	[x]	for	x	∈	k	3	(as	in
Example	4.26).	Use	Corollary	1.67	after	noting	that	100	=	2	·	72	+	2	(of	course,	this	says	that	100	has	7-adic	digits	202).	√	1.48	Prove	that	2	is	irrational	using	Proposition	√	1.14	instead	of	Euclid’s	lemma.	On	the	other	hand,	A	=	|D|	+	2|S|,	where	D	is	the	diagonal	and	S	is	the	“staircase.”	Therefore,			|S|	=	12	(n	+	1)2	−	(n	+	1)	=	12	n(n	+	1).
Conversely,	assume	that	R	#	is	a	group.	If	x	2	≡	1	mod	21,	then	21	|	(x	2	−	1);	that	is,	21	|	(x	+	1)(x	−	1).	It	follows	that	every	nonidentity	element	in	Q/Z	(Q)	has	order	2,	and	hence,	Q/Z	(Q)	∼	=	V	(any	bijection	ϕ	:	Q/Z	(Q)	→	V	with	ϕ(1)	=	1	must	be	an	isomorphism).	Following	the	algorithm	in	the	text,	we	find	that	21	=	34531	·	73122	−	341	·	7404621.
4.26	(i)	Prove	that	every	n	×	n	row	reduced	echelon	matrix	is	triangular.	3.30	Show	that	if	R	is	a	nonzero	commutative	ring,	then	R[x]	is	never	a	field.	∗	Solution.	Note	that	this	argument	may	fail	if	Q	is	replaced	by	F	p	,	where	p	is	prime.	P(k)	is	closed	under	addition	and	scalar	multiplication	4.3	Prove	that	dim(V	)	≤	1	if	and	only	if	the	only	subspaces
of	a	vector	space	V	are	{0}	and	V	itself.	2	=	16	−	15	+	4	147	Thus,	m	=	−2,		=	3,	and	we	have	the	factorization	x	4	−	15x	2	−	20x	−	6	=	(x	2	+	4x	+	3)(x	2	−	4x	−	2).	√	√	The	other	two	roots	are	thus	2	+	6	and	2	−	6.	3.80	(i)	Factor	each	of	the	integers	5	and	13	as	a	product	of	two	nonunits	in	Z[x],	and	factor	65	as	a	product	of	four	nonunits	in	Z[x].	But
|F	p	(α)|	=	|F	pn	|	=	pn	,	and	so	d	=	n.	Therefore,	G	is	abelian.	.).	000	Solution.	Conclude	that	if	G	has	an	element	of	some	order	n	and	H	does	not,	then	G	∼	=	H.	It	includes	TruAccent	spoken	word	coaching	to	learn	the	American	accent.	Since	A	has	order	n,	we	have	n	|	j	−	.	2.64	True	or	false	with	reasons.	The	cubic	formula	works	smoothly:	√	q	=	−9,
r	=	28,	D	=	676,	α	=	−1,	β	=	3,	and	the	roots	are	−4	and	2	±	−3.	But	there	are	no	linear	polynomials	in	R.	2.75	If	G	is	a	group	and	a,	b	∈	G,	prove	that	ab	and	ba	have	the	same	order.	Give	an	example	in	which	f	(S1	∩	S2	)	=	f	(S1	)	∩	f	(S2	).	If	x	is	a	multiple	of	ax	+	by	+	c,	then	b	=	0;	if	y	is	a	multiple,	then	a	=	0.	Hence,	x	−	a	|	f		.	Define	f	k	=	p1	p2	·	·
·	pk	+	1	for	k	≥	1.	(ii)	How	many	permutations	in	S7	commute	with	(1	2)(3	4	5)?	If	A	⊆	X	is	a	unit	in	B(X	),	then	there	is	B	⊆	X	with	AB	=	1;	that	is,	A	∩	B	=	X	.	If	p	=	0	and	q	=	0,	for	example,	it	is	easy	to	see	that	p,	q	is	linearly	independent.	(i)	If	k	is	a	field,	then	the	subset	E	of	all	all	polynomials	of	odd	degree	is	a	subspace	of	k[x].	Therefore,	ag	=	aa	i
z	=	a	i	az	=	a	i	za	=	ga,	and	this	contradicts	a	∈	/	Z	(G).	One	must	pay	attention	to	hypotheses.	Each	a	∈	Fq	has	a	pth	root	because	F	is	surjective.	(viii)	If	m	and	n	are	natural	numbers,	then	(mn)!	=	m!n!.	1.75	Prove	that	an	integer	M	≥	0	is	the	lcm	of	a1	,	a2	,	.	Then	h	=	h1Y	=	h(	f	g)	=	(h	f	)g	=	1	X	g	=	g.	Each	of	these	is	routine:	for	example,	√	√	√	(a	+
b	2)(c	+	d	2)	=	(ac	+	2bd)	+	(ad	+	bc)	2.	(i)	Show	that	the	greatest	common	divisor	d(x)	of	these	polynomials	has	the	form	ti	(x)ai	(x),	where	ti	(x)	∈	k[x]	for	1	≤	i	≤	n.	35	1.92	Find	the	smallest	positive	integer	which	leaves	remainder	4,	3,	1	after	dividing	by	5,	7,	9,	respectively.	(Of	course,	the	function	H	×	K	→	K	,	sending	(h,	k)		→	k,	is	a
homomorphism	with	kernel	H	∗	,	and	this	implies	that	H	∗		H	×	K	.	If,	on	the	contrary,	1	=	a	◦	c	=	a	+	c	−	ac	=	a	+	c(1	−	a),	then	1	−	a	=	c(1	−	a).	On	the	other	hand,	|z|2	=	(q	2	+	p2	)2	.	Hence,	det(AB	−1	)	=	det(A)	det(B	−1	)	=	1.	Define	a	bracelet	to	be	a	(q,	G)-coloring	of	a	regular	n-gon,	and	call	each	of	its	vertices	a	bead.	This	follows	from	the
fact	that	pn	|	a	if	and	only	if	the	first	p-adic	digits	d0	,	.	f	(x)	is	irreducible	because	it	has	no	rational	root.	,	vn	be	an	orthonormal	basis.	(i)	Prove	that	each	g	∈	G	lies	in	the	coset	g	H	,	and	that	g	H	=	ai	H	for	some	i.	2.109	Generalize	Theorem	2.128	as	follows.	Therefore,	H	contains	every	3-cycle,	and	so	An	≤	H	,	by	Exercise	2.127(i).	If	A	and	B	are
stochastic	matrices,	then						a	c	w	y	aw	+	cx	ay	+	cz	AB	=	=	.	129	(ii)	If	U	and	U		are	subspaces	of	a	finite	dimensional	vector	space	V	,	prove	that	dim(U	)	+	dim(U		)	=	dim(U	∩	U		)	+	dim(U	+	U		).	(ii)	Prove	that	−I	is	the	only	element	in	Q	of	order	2,	and	that	all	other	elements	M	=	I	satisfy	M	2	=	−I	.	By	hypothesis,	c	=	am	=	b.	(iii)	Compute	the
inverse	of	f	.	For	the	inductive	step,	9	we	record	the	inductive	hypothesis:	(1	+	x)n	≥	1	+	nx.	The	function	f	:	H	×	K	→	H	,	defined	by	f	:	(h,	k)		→	h,	is	a	homomorphism:	f	((h,	k)(h		,	k		))	=	f	((hh		,	kk		))	=	hh		=	f	((h,	k))	f	((h		,	k		)).	6	5	is	35	.	If	2	≤	a	≤	n	+	1,	then	a	is	a	divisor	of	(n	+	1)!;	say,	(n	+	1)!	=	da	for	some	integer	d.	We	merely	organize	the
needed	calculations.	1.98	A	suspect	said	that	he	had	spent	the	Easter	holiday	April	21,	1893,	with	his	ailing	mother;	Sherlock	Holmes	challenged	his	veracity	at	once.	Therefore,	β	=	(1)	=	α.	(The	converse	is	true,	and	it	is	easy	to	prove.)	(ii)	A	plane	in	space	passing	through	a	point	u	is	defined	as	the	subset	{v	∈	R3	:	(v	−	u)	·	n	=	0}	⊆	R3	,	where	n	=	0
is	a	fixed	normal	vector	and	(v	−	u)	·	n	is	a	dot	product.	Hence,	one	is	divisible	by	9	if	and	only	if	the	other	one	is.	,	cn	)	=	(cd	,	.	√	√	3.79	Because	x	−	1	=	(	x	+	1)(	x	−	1),	a	student	claims	that	x	−	1	is	not	irreducible.	Let	m	=	p1e1	·	·	·	pnen	.	+	···	+	+	+	n	2	1	0	Solution.	(iii)	A	real	n×n	matrix	A	defines	a	linear	transformation	T	:	Cn	→	Cn	by	matrix
multiplication:	T	(v)	=	Av.	Prove	that	if	A	is	symmetric,	then	T	#	=	T	.	r	(ii)	Prove	that	pprmn	≡	mn	mod	p	for	all	r	≥	0.	(iii)	Prove	that	if	k	is	finite,	then	every	a	∈	k	has	a	pth	root;	that	is,	there	is	b	∈	k	with	b	p	=	a.	2.115	Prove	that	every	translation	τa	∈	SG	,	where	τa	:	g		→	ag,	is	a	regular	permutation.	Landau.	Hence,	the	graph	of	f	−1	consists	of	all
ordered	pairs	(b,	f	−1	(b))	=	(b,	a)	=	(	f	(a),	a).	(viii)	If	b	and	m	are	positive	integers,	then	b	|	m	if	and	only	if	the	last	b-adic	digit	d0	of	m	is	0.	Therefore,	this	case	cannot	occur.	3.13	Prove	that	the	only	subring	of	Z	is	Z	itself.	The	doubly	stochastic	group			is	a	subgroup	because	it	is	the	intersection	of	the	subgroups		and			.	(iii)	If	ϕ	:	G	→	A	is	a
homomorphism,	where	A	is	an	abelian	group,	prove	that	G		≤	ker	ϕ.	Prove	that	there	is	an	operation	on	X	which	makes	X	into	a	group	such	that	ϕ	:	G	→	X	is	an	isomorphism.	Dean)	(i)	Define	F4	to	be	the	set	of	all	2	×	2	matrices				a	b	F4	=	:	a,	b	∈	F2	.	Now	a	and	m	relatively	prime,	and	Theorem	1.69	says	that	any	two	solutions	to	ax	≡	1	mod	m	are
congruent;	that	is,	s	≡	s		mod	m.	Conversely,	if	all	the	eigenvalues	of	an	n	×	n	matrix	A	are	0,	then	the	characteristic	polynomial	is	h	A	(x)	=	(x	−	0)	·	·	·	(x	−	0)	=	x	n	.	It	is	routine	to	check	that	ϕ	is	a	homomorphism;	it	is	an	isomorphism,	for	its	inverse	is	the	function	β		→	f	−1	◦	β	◦	f	.	(Note	that	29	=	512	<	93	=	729.)	Inductive	step	Note	that	n	≥	10
implies	n	≥	4.	0	1	0	1	2.43	(i)	Prove,	by	induction	on	k	≥	1,	that		k		cos	θ	−	sin	θ	cos	kθ	=	sin	θ	cos	θ	sin	kθ		−	sin	kθ	.	=	r	−1	r	+1	r	r	r	−1	r	+1	n	−	1	n	−	1	ii	r	−	1	UUUUUU	r	UiUiUiUiii	i	i	U	i	U	i	U	i	UUUU	iiii	UUUU	iiii	UUUU	i	i	i	UUU			n		iiii	n		n		r	−	1	UUUUUU	r	iii	r	+	1	UUUU	iiii	i	i	i	UUUU	iiii	UUUU	UUUiUiiiiii	i	UUUU	n	+	1	iiiiii	UU	n	+	1	r	r
+1	Solution.	(xiii)	For	all	integers	n,	the	polynomial	x	8	+	5x	3	+	5n	is	irreducible	in	Q[x].	base	2	:	base	3	:	base	4	:	base	5	:	base	20	:	1000	=	1111101000	1000	=	1101001	1000	=	33220	1000	=	13000	1000	=	2θ,	where	θ	is	a	symbol	denoting	the	new	digit	“ten.”	1.54	(i)	Prove	that	if	n	is	squarefree	(i.e.,	√	n	>	1	and	n	is	not	divisible	by	the	square	of
any	prime),	then	n	is	irrational.	143	5.5	There	is	a	circular	castle	whose	diameter	is	unknown;	it	is	provided	with	four	gates,	and	two	lengths	out	of	the	north	gate	there	is	a	large	tree,	which	is	visible	from	a	point	six	lengths	east	of	the	south	gate.	It	follows	that	I	=	([a]).	The	representation	of	G	on	the	cosets	of	H	gives	a	homomorphism	ρ	:	G	→	Sm	with
ker	ρ	≤	H	.	Now	assume	that	a	<	0,	so	that	−a	>	0	(and	so	|a|	=	−a.	This	may	be	rephrased	to	say	that	there	is	an	integer	qn	with	10n	=	9qn	+	1.	Thus,	c	=	0.	Hence	(a)	=	(b).	(v)	79	is	a	prime.	Hence,	φ(	pn	)	=	pn	−	pn−1	=	p	n	(1	−	1/	p).	(i)	(	f	+	g)	=	=	=				an	x	n	+		(an	+	bn	)x	n	bn	x	n			n(an	+	bn	)x	n−1			=	nan	x	n−1	+	nbn	x	n−1	=	f		+	g.	Prove
that	either	G	is	cyclic	or	x	2	=	1	for	every	x	∈	G.	3.77	Let	R	be	a	PID	and	let	π	∈	R	be	an	irreducible	element.	Hence,	−	βn)	n=1	=	√1	5	m		(α	n	−	β	n	)	n=1	=	√1	5		1	−	α	m+1	1−α			1	−	β	m+1		−1	−	−1	.	217	=	131,	072	>	174	=	83,	521.	(iv)	If	G	is	a	group	and	K		G,	then	there	is	a	homomorphism	G	→	G/K	having	kernel	K	.	√	3.70	Let	α	=	12	1	+	−19	,
and	let	R	=	Z[α].	For		p	each	j,	let	b	j	=	a	j	p	.	By	Corollary	1.23,	1	=	|zu|	=	|z||u|.	When	n	=	1,	both	sides	equal	1	+	r	.	Instructors	are	cautioned:	assume	that	G	is	finite.	23	Solution.	But	α	−1	i	=	k,	and	so	α	−1	moves	i.	If	h(x)	=	0,	then			(	f	g)	=	(ak	x	k	+	h(x))g(x)			=	ak	x	k	g(x)	+	h(x)g(x)			=	ak	x	k	g(x)	+	D(hg)			=	ak	x	k	g(x)	+	ak	x	k	g		+	h		g	+	hg				=
ak	x	k	+	h	g	+	(ak	x	k	+	h)g		=	f		g	+	f	g	.	A	A	B	Figure	2.5	Symmetric	Difference	B	C	Figure	2.6	Associativity	40	2.5	Let	A	and	B	be	sets,	and	let	a	∈	A	and	b	∈	B.	In	particular,	if	ϕ	=	θ	+	120◦	,	then	cos	ϕ	is	a	root	of	4x	3	−	3x	−	cos	3(θ	+	120◦	).	We	conclude	that	|E|	=	pn	for	some	n	≥	1.	i.	(i)	If	S	⊆	T	and	T	⊆	X	,	then	S	⊆	X	.	Prove	that	∞	n	n=1	n/2	=	2.
The	base	step	n	=	1	holds,	for	1	=	30	·	1	is	a	factorization	of	the	desired	kind.	5.6	Show	that	if	u	is	a	root	of	a	polynomial	f	(x)	∈	R[x],	then	the	complex	conjugate	u	is	also	a	root	of	f	(x).	74	2.118	Prove	that	a	finite	p-group	G	is	simple	if	and	only	if	|G|	=	p.	It	follows	that	−(1	−	b)	=	a	−1	.	3.11	(i)	Prove	that	the	commutative	ring	C	is	a	domain.	This
follows	from	(i).	Therefore,	g	is	an	isomorphism.	(If	m	is	composite,	then	Im	is	not	a	PID	because	it	is	not	a	domain.)	Solution.	The	following	permutations	commute	with	(1	2)(3	4	5):	(1)	(1	2)(3	4	5)	(1	2)	(3	4	5)	(1	2)(3	5	4)	(3	5	4)	(6	7)	(1	2)(3	4	5)(6	7)	(1	2)(6	7)	(1	2)(6	7)(3	4	5)(6	7)	(1	2)(3	5	4)(6	7)	(3	5	4)(6	7)	Since	there	are	only	12	permutations
commuting	with	α,	this	must	be	all	of	them.	But	S4	/V	is	not	abelian:	for	example,	(1	2)V(1	3)V	=	(1	3)V(1	2)V	because	(1	2)(1	3)[(1	3)(1	2)]−1	=	(1	2)(1	3)(1	2)(1	3)	=	(2	3)	∈	/	V.	(v)	Any	two	finite	groups	of	the	same	order	are	isomorphic.	Set	α	=	(1	2),	β	=	(3	4),	and	γ	=	(3	5).	(xiv)	For	every	positive	integer	n,	there	exists	a	field	with	exactly	9n
elements.	In	the	first	case,	a	+	b	p	=	0,	and	the	result	is	true.	Prove	that	if	σ	=	1	+	x	+	x	2	+	·	·	·	,	then	σ	=	1/(1	−	x)	is	in	R[[x]].	Best	of	all,	Duolingo’s	courses	are	free.	(a	◦	b)	◦	c	=	(a	+	b	−	ab)	◦	c	=	a	+	b	−	ab	+	c	−	(a	+	b	−	ab)c	=	a	+	b	+	c	−	ab	−	ac	−	bc	+	(ab)c;	88	On	the	other	hand,	a	◦	(b	◦	c)	=	a	◦	(b	+	c	−	bc)	=	a	+	b	+	c	−	bc	−	a(b	+	c	−	bc)
=	a	+	b	+	c	−	bc	−	ab	−	ac	+	a(bc).	Hence	PG	(x1	,	.	Hence	10100	≡	3100	≡	34	=	81	≡	4	mod	7.	−	pr	)!	(	pr	)!(n	Cancel	the	factor	(n	−	pr	)!	and	cross-multiply,	obtaining:	a(	pr	)!	=	n(n	−	1)(n	−	2)	·	·	·	(n	−	pr	+	1).	(v)	If	S	is	a	subring	of	a	commutative	ring	R,	then	U	(S)	is	a	subgroup	of	U	(R).	Notice	that	2n	>	n	is	the	special	case	S(0,	n).	If	k	≥	−k
otherwise,	2	=	m/2	m.	Otherwise,	every	element	has	order	1	or	2,	so	that	x	2	=	1	for	every	x	∈	G.	(ii)	Prove	that	|Br	(u)|	=	r				n	(q	−	1)i	.	But	we	still	have	to	check	January	and	February,	for	they	behave	as	if	they	occurred	in	1899.	If	q	is	a	prime	divisor	of	|G|	with	q	=	p,	then	Cauchy’s	theorem	gives	an	element	in	G	of	order	q,	contrary	to	the
hypothesis.	By	the	fundamental	theorem	of	arithmetic,	the	total	number	of	factors	p	occurring	on	each	side	must	be	the	same.	If	−a	is	the	smallest	element	of	−C,	which	exists	by	the	Least	Integer	Axiom,	then	−a	≤	−c	for	all	c	∈	C,	so	that	a	≥	c	for	all	c	∈	C.	1.79	Let	m	be	a	positive	integer,	and	let	m		be	an	integer	obtained	from	m	by	rearranging	its
(decimal)	digits	(e.g.,	take	m	=	314159	and	m		=	539114).	True.	It	follows	that	(n	+	1)!	+	a	=	(d	+	1)a,	and	so	(n	+	1)!	+	a	is	composite	for	all	a	between	2	and	n	+	1.	85	Solution.	Let		and	m	be	distinct	lines,	let	A1	,	A2	,	A3	be	distinct	points	on	,	and	let	B1	,	B2	,	B3	be	distinct	points	on	m.	1.100	On	what	day	of	the	week	did	February	29,	1896	fall?	(iii)
If	α,	β	∈	Sn	,	then	αβ	is	an	abbreviation	for	α	◦	β.	5.16	Let	ϕ	:	A	→	H	be	a	group	homomorphism.	For	the	26	inductive	step,	use	antanairesis	and	the	defining	recurrence,	(Fn+2	,	Fn+1	)	=	(Fn+1	−	Fn	,	Fn+1	)	=	(Fn	,	Fn+1	)	=	1.	If	1	≤	k	<	n,	then	Ak	=	I	,	for	the	1,1	entry	of	Ak	is	ζ	k	=	1.	66	(vii)	If	G	and	H	are	abelian	groups,	then	G	×	H	is	an	abelian
group.	Note	that	n	≥	17	implies	n	≥	7.	i	i	i	44	(ii)	If	B	⊆	Y	,	prove	that	f	−1	(B		)	=	f	−1	(B)	,	where	B		denotes	the	complement	of	B.	It	contains	(1,	1),	which	is	the	identity	of	H	×	K	,	it	is	closed	under	multiplication	[(h,	1)(h		,	1)	=	(hh		,	1)	∈	H	∗	],	and	it	contains	the	inverse	of	any	of	its	elements	[(h,	1)−1	=	(h	−1	,	1)].	ir	−1	),	then	the	proof	of	Lemma
2.25(ii)	shows	that	α	k	(i	0	)	=	i	k	,	where	the	subscript	is	read	mod	r	.	(ii)	S(m,	0)	⇒	S(m+1,	0):	if	(m+1)0	>	m,	then	(m+2)0	>	(m+1)·0	=	0?	If	m	is	not	a	perfect	square,	then	√	at	least	one	of	the	ei	is	odd.	Thus,	PG	(q,	.	45	(vii)	Every	transposition	is	an	even	permutation.	2.62	(i)	If	{Si	:	i	∈	I	}	is	a	familyof	subgroups	of	a	group	G,	prove	that	an	
intersection	of	cosets	i∈I	xi	Si	is	either	empty	or	a	coset	of	i∈I	Si	.	By	definition,	f	−1	(b)	=	a	if	and	only	if	b	=	f	(a).	f	(x)	≡	x	3	+	x	−	1	mod	7.	Even	though	1900	was	not	a	leap	year	in	America,	it	was	a	leap	year	in	Russia,	which	did	not	adopt	the	Gregorian	calendar	until	after	the	Russian	Revolution.	4.24	(i)	Prove	that	a	list	v1	,	.	(Thus,	a	and	b	are
“close”	if	a	−	b	is	divisible	by	a	“large”	power	of	p.)	Solution.	2.116	Prove	that	no	pair	of	the	following	groups	of	order	8,	I8	;	I4	×	I2	;	I2	×	I2	×	I2	;	D8	;	Q,	are	isomorphic.	[1371,	123]	=	1371	·	123/(1371,	123).	You	can	use	your	English	skill	to	advance	a	business	career,	find	work	as	a	translator,	or	even	just	to	travel	the	world	and	be	able	to
communicate.	If	v1	=	(a,	b),	then	m	1	=	b/a	(the	slope	of	the	line	joining	the	origin	O	with	(a,	b)),	and	if	v2	=	(c,	d),	then	m	2	=	d/c.	4.38	Let	U	be	a	subspace	of	a	vector	space	V	.	Since	each	ai	is	in	I	,	d	is	a	common	multiple;	if	m	is	any	common	multiple,	then	m	is	in	I	and	hence	d	|	m.	If	F	j	=	1	for	some	j	<	n,	then	a	p	=	a	for	all	a	∈	Fq	.	Write	a	+	bi	=	(
p/q)	+	(r/s)i	=	(	ps	+	qri)(qs)−1	,	where	p,	q,	r,	s	∈	Z.	Pascal’s	formula	gives	20	4	=	4845.	(The	product	of	two	commutators	need	not	be	a	commutator,	but	the	smallest	instance	of	this	occurs	in	a	group	of	order	96.)	(i)	Prove	that	G			G.	(iv)	For	every	set	X	,	we	have	X	×	∅	=	∅.	2.124	(i)	How	many	permutations	in	S5	commute	with	(1	2)(3	4),	and	how
many	even	permutations	in	S5	commute	with	(1	2)(3	4).	Every	isometry	ϕ	∈	(πn	)	permutes	the	n	vertices	X	of	πn	.	Now	ρ	3	=	ρ	−1	has	the	same	cycle	structure	as	ρ,	while	each	4-cycle	splits	into	two	disjoint	2-cycles	in	ρ	2	.	(More	is	true.	3.87	Determine	whether	the	following	polynomials	are	irreducible	in	Q[x].	If	h	∈	H	and	b	∈	G,	then	bh	∈	bH	=	H	b,
so	that	bh	=	h		b	for	some	h	∈	H	.	If	n	is	odd,	then	replace	x	by	−x	to	get	(−x)n	−	1	=	(−x	−	1)(−x	−	ζ	)(−x	−	ζ	2	)	·	·	·	(−x	−	ζ	n−1	)	=	(−1)n	(x	+	1)(x	+	ζ	)(x	+	ζ	2	)	·	·	·	(x	+	ζ	n−1	).	(ii)	Prove	that	D12	∼	=	S3	×	I2	.	Every	subring	R	of	Z	contains	1,	hence	1	+	1,	1	+	1	+	1,	etc,	so	that	R	contains	all	positive	integers	(one	needs	induction),	and	finally,	R
contains	the	additive	inverses	of	these,	i.e.,	all	negative	integers,	as	well.	(i)	If	Bi	⊆	Y	is	a	family	of	subsets	of	Y	,	prove	that							f	−1	Bi	=	f	−1	(Bi	)	and	f	−1	Bi	=	f	−1	(Bi	).	135	(ii)	Prove	that	a	linear	transformation	U	:	Rn	→	Rn	is	orthogonal	if	and	only	if	U	(v1	),	.	If	deg(	p)	=	d,	then	Proposition	4.30	says	that	[F	p	(α)	:	F	p	]	=	d;	it	follows	that	|F	p	(α)|
=	p	d	.	Rotation	by	any	angle	lies	in	(C).	If	H	≤	A6	has	prime	index,	then	[A6	:	H	]	=	p,	where	p	=	2,	3,	5.	Therefore,	the	number	of	conjugates	of	α	in	A5	is	60/|C	A5	(α)|	=	60/5	=	12.	Eqs.	Suppose,	on	the	contrary,	that	G/Z	(G)	is	cyclic,	say,	with	generator	a	Z	(G).	Choose	u	∈	R	−	{0,	1,	−1}	with	∂(u)	minimal.	3.72	If	k	is	a	field,	prove	that	the	ring	of
formal	power	series	k[[x]]	is	a	PID.	Alternatively,	Example	1.161	says	that	the	squares	mod	8	are	0,	1,	and	4.	Consider	a	H		→	H	a	−1	.	2.76	(i)	If	f	:	G	→	H	is	a	homomorphism	and	x	∈	G	has	order	k,	prove	that	f	(x)	∈	H	has	order	m,	where	m	|	k.	then	it	is	closed	under	multiplication.	2.100	Call	a	group	G	finitely	generated	if	there	is	a	finite	subset	X	⊆	G
with	G	=	#X	$.	But,	if	h	∈	H	and	k	∈	K	,	then	h,	k	∈	H	K	and	so	kh	∈	H	K	.	If	a	quintic	f	(x)	with	no	roots	is	not	irreducible,	then	its	factors	are	irreducible	polynomials	of	degrees	2	and	3;	that	is,	(x)	f	(x)	=	(x	2	+	x	+	1)(x	3	+	x	+	1)	=	x	5	+	x	4	+	1,	or	f	(x)	=	(x	2	+	x	+	1)(x	3	+	x	2	+	1)	=	x	5	+	x	+	1.	Let	π	:	G	→	G/K	be	the	natural	map;	that	is,	π(a)	=	a	K
for	all	a	∈	G.	The	division	algorithm	gives	X	3	−	24X	2	−	24X	−	25	=	(X	−	25)(X	2	+	X	+	1),	√	and	so	the	other	two	roots	are	12	(−1	±	−3).	The	first	possibility	gives	the	Pythagorean	triple	(12,	35,	37)	while	the	second	gives	the	Pythagorean	triple	(5,	12,	13).	Of	the	numbers	between	1	and	pn	,	every	pth	one	is	a	multiple	of	p.	4.22	Here	is	a	theorem	of
Pappus	holding	in	k	2	,	where	k	is	a	field.	(ix)	If	X	is	an	infinite	set,	then	F	=	{σ	∈	S	X	:	σ	moves	only	finitely	many	elements	of	X	}	is	a	subgroup	of	S	X	.	But	m	and	m		have	the	same	set	of	digits,	for	one	is	just	a	permutation	of	the	other,	and	so	the	sum	of	their	digits	is	the	same.	,	cn	),	is	an	injection.	The	proof	is	completed	by	proving	the	reverse
inclusion.	2.139	Let	X	be	the	squares	in	an	n	×	n	grid,	and	let	ρ	be	a	rotation	by	90◦	.	2.17	Let	f	:	X	→	Y	be	a	function.	By	induction,	there	are	2n	solid	blue	subsets;	denote	them	by	B.	Take	a	basis	of	U	∩	U		and	extend	it	to	bases	of	U	and	of	U		.	1234	√	=	2	·	617	(the	reader	is	expected	to	prove	that	617	is	prime,	using	617	<	25)	and	5678	=	2	·	17	·	167,
so	that	the	gcd	=	2.	The	8	elements	of	U	(I15	)	are	1,	2,	4,	7,	8,	11,	13,	14.	(iii)	Prove	that	isomorphism	is	an	equivalence	relation	on	any	family	of	groups.	Finally,	if	k	contains	a	certain	set	#	of	mth	roots	of	unity,	then	Gal(E/k)	is	solvable.	,	ωn−1	)	is	nonsingular	and	that	Van(1,	ω,	ω2	,	.	Then	αβ	=	βα,	αγ	=	γ	α,	and	βγ	=	γβ.	The	definitions	of	addition
and	multiplication	for	power	series	are	the	same	as	for	polynomials.	We	may	thus	cancel	3k	from	both	sides,	leaving	m	=	m		.	Show	that	each	of	A	+	(B	+	C)	and	(A	+	B)	+	C	is	described	by	Figure	2.6.	(v)	Prove	that	A	∩	(B	+	C)	=	(A	∩	B)	+	(A	∩	C).	Now	use	the	Chinese	remainder	theorem	for	the	system	x	≡	24	mod	35	x	≡	1	mod	9	(which	is	possible
because	(35,	9)	=	1.	Were	f	not	injective,	there	would	be	i	and	x	∈	X	with	x	=	xi	and	f	(x)	=	f	(xi	).	4		1.9	Find	a	formula	for	1	+	nj=1	j!	j,	and	use	induction	to	prove	that	your	formula	is	correct.	By	part	(i),	a	matrix			cos	θ	−	sin	θ	A=	.	3.16	Prove	that	the	set	of	all	C	∞	-functions	is	a	subring	of	F(R).	3.99	If	p	is	a	prime	and	p	≡	3	mod	4,	prove	that	either	a
2	≡	2	mod	p	is	solvable	or	a	2	≡	−2	mod	p	is	solvable.	(ii)	Every	element	of	Z[x]	is	a	product	of	a	constant	in	Z	and	monic	irreducible	polynomials	in	Q[x].	Assume	now	that	a	>	0	and	b	<	0.	If	n	=	a	3	+	b3	,	then	a,	b	≤	12.	The	course	will	teach	you	optimal	ways	to	introduce	yourself,	take	part	in	a	networking	conversation,	and	follow	up	in	a	variety	of
means.As	part	of	this	16-week	course,	you	will	also	learn	to	use	social	networks	such	as	LinkedIn	for	carrying	on	professional	discussions.	Barr)	There	is	a	famous	anecdote	describing	a	hospital	visit	of	G.	Base	step.	4.39	Let	k	be	a	field	and	let	k	×	be	its	multiplicative	group	of	nonzero	elements.	Prove	that	if	sa	+	tm	=	1	=	s		a	+	t		m,	then	s	≡	s		mod
m.	(i)	Prove	that	the	natural	map	π	:	V	→	V	/U	,	given	by	v		→	v	+	U	,	is	a	linear	transformation	with	kernel	U	.	On	the	other	hand,	αβ	=	(1	3	2),	and	(αβ)2	=	(1	3	2)2	=	(1	2	3)	=	(1).	If	π(c)	=	π(c	),	then	(cd	,	.	ak	bk	·	·	·	z	k	).	Use	induction	on	n	≥	1,	where	X	=	{a1	,	.	1	0	0		(iv)	The	matrix	A	=	0	1	−1	is	nonsingular.	Below,	find	out	some	of	your	best	options
for	improving	your	English.	The	list	e,	s	must	be	linearly	dependent,	so	that	there	are	scalars	α,	β,	not	both	0,	with	αe	+	βs	=	0.	If	H	≤	K	,	prove	that	[G	:	H	]	=	[G	:	K	][K	:	H	].	It	is	simplest	to	use	the	division	algorithm.	The	following	dates	fell	on	Friday	in	1986:	February	13,	March	13,	and	November	13.	1−a−b	1−b	2.91	Prove	that	the	symmetry
group	(πn	),	where	πn	is	a	regular	polygon	with	n	vertices,	is	isomorphic	to	a	subgroup	of	Sn	.	d−1	n	i	i=0	i	(q	−	1)	Solution.	(i)	Prove	that	Aut(G),	the	set	of	all	the	automorphisms	of	a	group	G,	is	a	group	under	composition.	This	is	an	elementary	fact	of	high	school	geometry.	If	zw	=	0	and	z	=	a	+	ib	=	0,	then	z	z¯	=	a	2	+	b2	=	0,	and			z¯	z	=	1.	We
have	been	led	to	the	guess	n		S(n)	:	1	+	j!	j	=	(n	+	1)!.	,	xm	}	and	Y	=	{y1	,	.	We	use	Proposition	2.68	to	prove	that	H	K	is	a	subgroup:	H	K	=	∅,	for	it	contains	1,	and	so	it	suffices	to	show	that	if	x,	y	∈	H	K	,	then	x	y	−1	∈	H	K	.	(ii)	Prove	that	if	c(x)	is	a	monic	common	divisor	of	these	polynomials,	then	c(x)	is	a	divisor	of	d(x).	(ii)	Gaussian	equivalent
matrices	have	the	same	row	space.	(ii)	If	F	is	a	finite	field	with	q	elements,	prove	that	|(2,	F)|	=	q(q	−	1).	If	c	is	an	eigenvalue	of	A,	prove,	for	all	m	≥	1,	that	cm	is	an	eigenvalue	of	Am	.	g	=	2	+	−121	and	h	=	2	−	−121.	Given	the	discussion	of	roots	in	Chapter	3,	especially	Corollary	3.91,	it	is	natural	to	look	for	rational,	hence	integral	roots,	and	to	find
that	−1	and	−3	are	roots	(the	candidates	are	±1,	±2,	±3,	and	±6).	The	given	equation	gives	the	congruences	as	≡	1	mod	m	and	as		≡	1	mod	m.	By	Exercise	3.67,	p(x)	has	no	repeated	roots	if	and	only	if	gcd(	p,	p	)	=	1,	where	p		(x)	is	the	derivative	of	p(x).	1.50	Prove	that	if	d	and	d		are	nonzero	integers,	each	of	which	divides	the	other,	then	d		=	±d.
4.68	Let	A	be	an	alphabet	with	|A|	=	q,	and	let	C	⊆	An	be	an	(n,	M,	d)-code.	It	follows	that	f	(x)	=	f	(x)sk+t|H	|	=	f	(x)sk	f	(x)t|H	|	=	1.	52	Now	|X	|	is	even,	for	it	is	the	disjoint	union	of	two-point	subsets	consisting	of	an	element	and	its	inverse.	Absent.	It	is	easy	to	see	that	ϕ	is	a	homomorphism:	ϕ(M	N	)	=	Q	M	N	Q	−1	=	Q	M	Q	−1	Q	N	Q	−1	=	ϕ(M)ϕ(N	).
Both	formulas	are	proved	by	induction	on	n	≥	1.	f	(x)	is	irreducible,	by	the	Eisenstein	criterion	with	p	=	2.	2.131	Prove	that	A5	is	a	group	of	order	60	having	no	subgroup	of	order	30.	(vii)	If	f	(x)	is	an	irreducible	polynomial	over	a	field	k,	then	k[x]/(	f	(x))	is	a	field.	d0	,	define	a		=	dk	dk−1	·	·	·	d1	−	2d0	.	Duolingo	ESL	–	FreeDuolingo’s	English
coursework	is	great	for	learning	English	as	a	second	language.	,	pm	(x)	are	monic	irreducible	polynomials,	and	q1	(x),	.	Conversely,	assume	that	∂(u)	=	∂(1).	The	only	way	to	get	12	elements	is	1	+	3	+	8;	but	this	is	A4	.	37	Thus,	256C	≡	2101	mod	3125.	(In	Exercise	2.135,	this	will	be	generalized	from	S4	and	A4	to	Sn	and	An	for	all	n	≥	3.)	Solution.	(xii)
The	alternating	group	A4	is	simple.	(vi)	The	prime	field	of	Q[i]	=	{a	+	bi	:	a,	b	∈	Q}	is	Q.	(iv)	If	k	is	a	field,	then	the	prime	field	of	k[x]	is	k.	(vi)	If	D10	acts	on	a	bracelet	with	5	beads,	and	if	τ	is	the	reflection	about	the	axis	passing	through	one	bead	and	perpendicular	to	the	opposite	side,	then	the	cycle	index	of	τ	is	x1	x22	.	But,	there	are	as	many
subsets	R	containing	the	red	as	there	are	solid	blue	subsets:	each	R	arises	by	adjoining	the	red	element	to	a	solid	blue	subset,	namely,	B	=	R	−	{red}	(even	the	singleton	subset	consisting	of	the	red	element	alone	arises	in	this	way,	by	adjoining	the	red	element	to	∅).	By	Proposition	4.22,	#	p,	q$	=	H	.	2.99	Let	G	be	a	finite	group,	let	p	be	a	prime,	and
let	H	be	a	normal	subgroup	of	G.	2.107	Prove	the	converse	of	Lemma	2.112:	if	K	is	a	subgroup	of	a	group	G,	and	if	every	left	coset	a	K	is	equal	to	a	right	coset	K	b,	then	K		G.	Assume	V	=	{0}	(otherwise	dim(V	)	=	0	and	we	are	done),	and	choose	v	∈	V	with	v	=	0.	2.37	If	a1	,	a2	.	Therefore,	there	is	no	such	factorization,	and	f	(x)	is	irreducible	over	Q.
2.48	The	stochastic	group	(2,	R)	consists	of	all	those	matrices	in	GL(2,	R)	whose	column	sums	are	1;	that	is,	(2,	R)	consists	of	all	the	nonsingular	matrices	ab	dc	with	a	+	b	=	1	=	c	+	d.	Hence,	if	there	are	t	cycles	in	the	complete	factorization	of	σ	,	then	there	are	t	−	1	cycles	in	the	complete	factorization	of	σ		.	Thus,	D	≈	107.5i,	g	3	≈	12	(−90	+	107.5i)
≈	−45	+	53.8i,	and	h	3	≈	−45	−	53.8i.	Now	c	=	am	=	da		m	and	31	c	=	b	=	db	,	so	that	a		m	=	b	.	and	k		=	Solution.	We	prove	first,	by	induction	on	k	≥	1,	that	βα	k	=	α	k	β.	(iv)	If	G		≤	H	≤	G,	prove	that	H		G.	Since	k	−	t	>	0,	the	left	side	is	a	multiple	of	3	while	the	right	side	is	not;	this	contradiction	shows	that	k	=	t.	If	a	≡	0	mod	p,	then	d	≡	b	mod	p
and	b2	≡	bd	≡	1	mod	p.	i<	j	Conclude	that	V	is	nonsingular	if	all	the	u	i	are	distinct.	Define	C1	to	be	A2	B3	∩	A3	B2	,	C2	to	be	A1	B3	∩	A3	B1	,	and	C3	to	be	A1	B2	∩	A2	B1	.	If	|G|	=	4,	then	Exercise	2.59	shows	that	G	is	abelian.	,	10}	by	f	(n)	=	the	remainder	after	dividing	4n	2	−	3n	7	by	11.	If	w	=	[a,	b],	where	a	=	b,	then	w	∈	/	C	and	δ(w,	[a,	a])	=	1	=
δ(w,	[b,	b]).	131	(ii)	Prove	that	β	lies	in	the	column	space	of	A	if	and	only	if	rank([A|β])	=	rank(A).	4.77	Let	C	be	the	2-error	correcting	Reed-Solomon	[7,	3]	code	over	F8	in	Example	4.131.	(ii)	Show	that	the	commutative	ring	F(R)	in	Example	3.11(i)	contains	elements	f	=	0,	1	with	f	2	=	f	.	If	a	=	1	=	b,	then	(a	+	b)2	≡	4	≡	1	mod	3,	while	a	2	+	b2	≡	2
mod	3.	Show	that	F(I2	)	has	exactly	four	elements,	and	that	f	+	f	=	0	for	every	f	∈	F(I2	).	The	inductive	hypothesis	is	2n	>	n	4	;	multiplying	both	sides	by	2	gives	2n+1	=	2	−	2n	>	2n	4	=	n4	+	n4	≥	n	4	+	5n	3	≥	n	4	+	4n	3	+	n	3	≥	n	4	+	4n	3	+	7n	2	≥	n	4	+	4n	3	+	6n	2	+	n	2	≥	n	4	+	4n	3	+	6n	2	+	5n	≥	n	4	+	4n	3	+	6n	2	+	4n	+	1	=	(n	+	1)4	.
Therefore,	4	=	|ε1	+	ε2	|2	=	(ε1	+	ε2	)	·	(ε1	+	ε2	)	=	|ε1	|2	+	2ε1	·	ε2	+	|ε2	|2	=	2	+	2ε1	·	ε2	.	2.94	If	C	is	a	finite	cyclic	group	of	order	n,	prove	that	|	Aut(C)|	=	φ(n),	where	φ(n)	is	the	Euler	φ-function.	2.126	If	σ,	τ	∈	S5	,	where	σ	is	a	5-cycle	and	τ	is	a	transposition,	prove	that	#σ,	τ	$	=	S5	.	The	answer	is	12	(n	2	−	n).	We	conclude	that	the	gcd	is	21.	By
definition,	cosh	θ	=	12	(eθ	+	e−θ	).	For	example,	let	f	(x)	=	x	5	+	3x	4	;	that	is,	in	sequence	notation,	f	(x)	=	(0,	0,	0,	0,	3,	1,	0,	.	(v)	If	σ,	τ	are	r	-cycles	in	Sn	,	then	σ	τ	is	an	r	-cycle.	If	x	∈	(a),	then	x	=	ra	=	r	ub	∈	(b),	and	so	(a)	≤	(b).	(ii)	If	k	is	a	field	of	characteristic	0,	prove	that	an	irreducible	polynomial	p(x)	∈	k[x]	has	no	repeated	roots;	that	is,	if	E	is
the	splitting	field	of	p(x),	then	there	is	no	a	∈	E	with	(x	−	a)2	|	p(x)	in	E[x].	(vi)	Every	permutation	of	the	vertices	v1	,	v2	,	v3	of	an	equilateral	triangle	π3	is	the	restriction	of	a	symmetry	of	π3	.	Here	are	the	equations	arising	from	the	story.	,	yn	).	Next,	we	show	that	g	is	an	injection.	Conclude	that	the	elementary	row	operations	which	change	A	into	I
also	change	I	into	A−1	.	We	use	Exercise	2.69:	Q	has	exactly	one	element	of	order	2,	while	D8	has	5	elements	of	order	2.	By	Corollary	1.53,	ϕ	is	injective.	(ii)	is	not	a	rational	root	of	1	+	5x	+	6x	2	.	(vii)	If	two	n	×	n	matrices	over	a	field	k	have	the	same	characteristic	polynomial,	then	they	are	similar.	If	a	∈	G	has	finite	order	n,	then	a	=	1	and	1	=	f	(a	n
)	=	f	(a)n	;	moreover,	if	k	<	n,	then	a	k	=	1	implies	f	(a	k	)	=	1,	because	f	is	injective.	The	answer	is	yes,	for	(a	+	b)	+	b	=	a.	Exercises	for	Chapter	5	5.1	(i)	Find	the	roots	of	f	(x)	=	x	3	−	3x	+	1.	150	5.25	What	is	the	degree	of	the	splitting	field	of	x	30	−	1	over	F5	?	Now	ker	ϕ	=	{g	∈	G	:	g	2	=	1}	=	{1}	because	G	has	odd	order,	hence	has	no	elements	of
order	2.	(iii)	Prove	that	the	matrices	of	the	form	Ai	and	B	Ai	,	for	0	≤	i	<	n,	form	a	multiplicative	subgroup	G	≤	GL(2,	C).	Show	that	W	is	a	normal	subgroup	of	V,	but	that	W	is	not	a	normal	subgroup	of	S4	.	Here,	both	|z|	and	|u|	are	integers,	so	that	|z|	=	±1.	(x)	If	G	is	a	group,	then	{1}		G	and	G/{1}	∼	=	G.	Thus,	if	H	=	{1},	then	V	≤	H	.	pr	p	1.73	(i)
For	all	rationals	a	and	b,	prove	that	ab	p	=	a	p	b	p	and	a	+	b	p	≤	max{a	p	,	b	p	}.	2.87	Prove	that	the	quaternions	Q	and	the	dihedral	group	D8	are	nonisomorphic	groups	of	order	8.	4.16	If	U	is	a	subspace	of	a	vector	space	V	over	a	field	k,	then	U	is	a	subgroup	of	V	(viewed	as	an	additive	abelian	group).	22	(x)	If	a	and	b	are	natural	numbers,	there
there	are	natural	numbers	s	and	t	with	gcd(a,	b)	=	sa	+	tb.	(vi)	If	H	is	a	subgroup	of	G,	then	the	intersection	of	two	(left)	cosets	of	H	is	a	(left)	coset	of	H	.	It	is	easy	to	see	that	ab	∈	A	if	α	and	α		have	the	(γ	+	γ	2	same	parity,	while	ab	∈	B	otherwise;	in	either	case,	ab	∈	R.	4.21	Assume	that	V	is	an	n-dimensional	vector	space	over	a	field	k	and	that	V	has
a	nondegenerate	inner	product.	Let	g(x)	=	x	3	+	x;	in	sequence	notation,	g(x)	=	(0,	1,	0,	1,	0,	.	81	2.140	Let	X	be	a	disk	divided	into	n	congruent	circular	sectors,	and	let	ρ	be	a	rotation	by	(360/n)◦	.	3.29	True	or	false	with	reasons.	Now	the	last	term	is	divisible	by	21;	the	first	term,	by	the	inductive	hypothesis,	and	the	second	because	52	−	4	=	21.	û	1	u
n	u	2n	u	3n	·	·	·	u	n−1	n	137	(i)	Prove	that	det(V	)	=		(u	j	−	u	i	).	If	the	cycles	are	disjoint,	then	we	have	just	seen	that	(1	2	3)	is	conjugate	to	(3	j	k)	and	that	(3	j	k)	is	conjugate	to	(i	j	k),	so	that	(1	2	3)	is	conjugate	to	(i	j	k)	in	this	case	as	well.	f	−1	=	(7	10	6	2)(5	4	9	3).	(ix)	Every	group	of	order	100	contains	an	element	of	order	4.	Base	step:	F0	=	0	<	1	=
20	and	F1	=	1	<	2	=	21	.	Therefore,	b	=	b	,	as	desired.	Suppose	that	A	=	ac	db	is	a	nonsingular	matrix	with	c	=	0;	we	will	show	that	A	is	not	in	the	center	of	GL(2,	R);	that	is,	there	is	some	nonsingular	matrix	B	that	does	not	commute	with	A.	2.23	If	σ	∈	Sn	fixes	some	j,	where	1	≤	j	≤	n	(that	is,	σ	(	j)	=	j),	define	j,	.	What	is	your	chance	of	winning?	3.89
Prove	that	there	are	exactly	6	irreducible	quintics	in	F2	[x].	1.42	(Leibniz)	Prove	that	if	f	and	g	are	C	∞	-functions,	then	(	f	g)	(n)	(x)	=	n				n	k=0	k	f	(k)	(x)	·	g	(n−k)	(x).	If	Av	=	cv,	then	Am	v	=	cm	v	for	all	m	≥	1.	(ii)	If	H	K	=	K	H	and	H	∩	K	=	{1},	prove	that	H	K	∼	=	H	×	K.	By	(i),	C	A5	(α)	=	A5	∩	C	S5	(α)	=	A5	∩	#α$	=	#α$,	so	that	|C	A5	(α)|	=	5.	If	β
commutes	with	α	=	(1	2)(3	4),	then	β(5)	=	5.	Define	their	ordered	pair	as	follows:	(a,	b)	=	{a,	{a,	b}}.	Conversely,	suppose	the	only	subspaces	of	V	are	{0}	and	V	.	(There	are	two	base	steps	because	we	will	have	to	use	two	predecessors	for	the	inductive	step.)	Inductive	step:	10	If	n	≥	2,	then	Fn	=	Fn−1	+	Fn−2	<	2n−1	+	2n−2	(by	inductive
hypothesis)	<	2n−1	+	2n−1	=	2	·	2n−1	=	2n	.	1.33	Prove	that	if	n	≥	2,	then	n		(−1)r	−1r	r	=1	n		=	0.	2.46	If	G	is	a	group	with	an	even	number	of	elements,	prove	that	the	number	of	elements	in	G	of	order	2	is	odd.	(vii)	The	intersection	of	two	cyclic	subgroups	of	G	is	a	cyclic	subgroup.	(i)	The	subset	{r	+	sπ	:	r,	s	∈	Q}	is	a	subring	of	R.	Since	4-cycles
are	odd,	f	is	even.	If	deg(	f	)	=	n,	prove	that	[E	:	k]	≤	n!.	j	=i	Solution.	Conversely,	if	G		≤	ker	ϕ,	prove	that	im	ϕ	is	abelian.	We	use	Proposition	2.164.	If	α	=	(i	0	.	But	the	equation	x	x	=	√	x	gives,	by	Lemma	3.24,	2n	=	1,	a	contradiction.	2.71	Prove	that	a	dihedral	group	of	order	4	is	isomorphic	to	V,	the	4-group,	and	a	dihedral	group	of	order	6	is
isomorphic	to	S3	.	Were	the	hint,	“Try	−4	coconuts,”	not	given,	one	would	proceed	to	solve	this	congruence,	taking	note	of	the	fact	that	(256,	3125)	=	1.	Furthermore,	F(x	+	y)	=	(x	+	y)	p	=	x	p	+	y	p	,	by	Proposition	1.63.	If	P	is	the	set	of	pigeons	and	H	is	the	set	of	holes,	define	f	:	P	→	H	by	f	:	pigeon		→	h,	where	h	is	the	hole	containing	it.	1	2	n(n	−	1)
+	+	1	1	1	2!	[	2	n(n	−	1)	2	(n	−	2)(n	−	3)]	1	1	1	1	3!	[	2	n(n	−	1)	2	(n	−	2)(n	−	3)	2	(n	−	4)(n	−	5)]	+	·	·	·	.	If	k	is	the	prime	field	of	E,	then	Proposition	3.110	says	that	k	∼	=	Q	or	k	∼	=	F	p	for	some	prime	p;	since	Q	is	infinite,	we	have	k	of	characteristic	p.	If	a	=	r0	+	1000r1	+	10002r2	+	·	·	·	,	then	a	≡	r0	+	(−1)r1	+	(−1)2r2	+	·	·	·	=	r0	−	r1	+	r2	−	·	·	·
mod	7.	The	base	step	deg(	f	)	=	0	has	been	done	in	part	(ii).	If	n	−	1,	then	the	left	side	is	1	=	1	as	well.	Conclude	that	normality	is	not	transitive:	K		H	and	H		G	need	not	imply	K		G.	210	=	1024	>	103	=	1000.	(ii)	What	are	the	respective	orders	of	the	permutations	in	Exercises	2.22	and	2.28?	Since	f	and	g	are	relatively	prime,	Exercise	3.94	gives	f	g	|	a,
and	so	a	∈	(	f	g),	that	is,	ker	ϕ	⊆	(	f	g)	and	ker	ϕ	=	(	f	g).	92	(vi)	If	R	is	a	domain	and	f	(x),	g(x)	∈	R[x]	are	nonzero,	then	either	f	(x)	+	g(x)	=	0	or	deg(	f	+	g)	≤	max{deg(	f	),	deg(g)}.	Therefore,	|C	S7	(α)|	=	7!/230	=	12.	Conclude	that	dim(V	/U	)	=	dim(V	)	−	dim(U	).	5.8	Show	that	if	cos	3θ	=	r	,	then	the	roots	of	4x	3	−	3x	−	r	are	cos	θ,	cos(θ	+	120◦	),
and	cos(θ	+	240◦	).	We	now	show	that	ϕ	is	surjective.	(ii)	Prove	that	2n	>	n	4	for	all	n	≥	17.	We	have	0	=	F0	,	1	=	F1	,	1	=	F2	,	and	2	=	F3	.	i=1	Solution.	r	r	−1	n		r	.	(x)	If	V	is	the	vector	space	of	all	continuous	f	:	[0,	1]	→	R,	then	%1	integration	f		→	0	f	(x)	d	x	is	a	linear	transformation	V	→	R.	(ii)	Give	an	example	of	a	symmetric	and	transitive	relation	on
the	closed	unit	interval	X	=	[0,	1]	which	is	not	reflexive.	Thus,	if	we	define	a	=	q	2	−	p2	,	b	=	2q	p,	and	c	=	q	2	+	p	2	,	then	a	2	+	b2	=	c2	and	(a,	b,	c)	is	a	Pythagorean	triple.	Conclude	from	your	method	of	solution	that	no	extra	fuss	is	needed	to	find	leap	days.	Prove	that	a	polynomial	f	(x)	is	a	unit	in	R[x]	if	and	only	if	f	(x)	is	a	nonzero	constant	which	is
a	unit	in	R.	1.7	Prove	that	14	+	24	+	·	·	·	+	n	4	=	15	n	5	+	12	n	4	+	13	n	3	−	30	Solution.	(ii)	If	a,	b	and	m	are	integers	with	m	>	0,	then	a	≡	b	mod	m	implies	(a	+	b)m	≡	a	m	+	bm	mod	m.	Multiplying,	1	=	(ar	+	bm)(sr		+	tm)	=	(as)rr		+	(ar	t	+	bsr		+	btm)m.	Conversely,	if	f	(x)	=	j	j		pj−1	=	0.	(iii)	If	S1	and	S2	are	subsets	of	a	set	X	,	and	if	f	:	X	→	Y	is	an
injection,	prove	that	f	(S1	∩	S2	)	=	f	(S1	)	∩	f	(S2	).	Let	H	=	#X	$,	and,	for	each	x	∈	X	,	choose	an	element	gx	∈	G	with	π(gx	)	=	x.	Since	F	p	is	finite,	F	is	an	isomorphism,	by	Exercise	2.13.	Let	ù	é	1	a	a2	a3	ú	ê	ê1	b	b	2	b	3	ú	ú.	2.84	Show	that	the	center	of	GL(2,	R)	is	the	set	of	all	scalar	matrices	a0	a0	with	a	=	0.	=	1−r	=	(ii)	Prove	that	1	+	2	+	22	+	·	·	·	+
2n	=	2n+1	−	1.	1+	j=1	By	the	inductive	hypothesis,	the	bracketed	term	is	(n	+	1)!,	and	so	the	left	side	equals	(n	+	1)!	+	(n	+	1)!(n	+	1)	=	(n	+	1)![1	+	(n	+	1)]	=	(n	+	1)!(n	+	2)	=	(n	+	2)!.	First	we	show	that	H	is	a	subgroup	of	H	×	K	.	(ii)	If	H	is	a	subgroup	of	index	2	in	a	finite	group	G	and	if	x	∈	H	,	prove	that	either	|x	H	|	=	|x	G	|	or	|x	H	|	=	12	|x	G	|,
where	x	H	is	the	conjugacy	class	of	x	in	H	.	2.8	If	f	:	X	→	Y	has	an	inverse	g,	show	that	g	is	a	bijection.	No,	because	the	associated	permutation	is	odd.	(i)	Prove	that	there	is	a	(well-defined)	homomorphism	α∗	:	A/A	→	B/B		given	by	α∗	:	a	A		→	α(a)B		.	(iii)	Prove	that	G	∼	=	Gm	×	Gn.	Solution.	Every	solution	of	c	−	b	∈	(	f	)	has	the	form	c	=	b	+	g	f	,	where
g(x)	∈	k[x].	Now	the	right	triangles	O	S	E	and	OC	E	are	congruent	(they	have	same	hypotenuse	and	a	leg	of	equal	length,	namely,	r	),	and	so	they	have	the	same	area:	12	6r	=	3r	;	also,	area(O	S	E)	=	12	ra,	where	a	=	|C	T	|.	j=1	Rewrite	the	left	side	as	n				j!	j	+	(n	+	1)!(n	+	1).	Prove	that	a	plane	through	u	is	a	coset	of	a	two-dimensional	subspace	of	R3	.
(iv)	Prove	that	#−I	$	is	the	center	Z	(Q).	Conclude	that	if	all	the	u	i	are	distinct,	then	f	(x)	is	determined	by	Eq.	(4).	5	1	1	1	1	4	1	1	1	1	3	1	1	1	2	1	1	1	1	1	1	1	1	1	1	1	1	1	1	1	1	1	1	1	1	Figure	1.1	1	+	2	+	·	·	·	+	n	=	12	(n	2	+	n)	1.12	(i)	Figure	1.2	1	+	2	+	·	·	·	+	n	=	12	n(n	+	1)	n	Derive	the	formula	for	i=1	i	by	computing	the	area	n(n	+	1)	of	a	rectangle
with	height	n	+	1	and	base	n,	as	pictured	in	Figure	1.2.	Solution.	Yes.	For	the	inductive	step,	βα	k+1	=	βα	k	α	=	α	k	βα	(inductive	hypothesis)	=	α	αβ	k	=	α	k+1	β.	Define	a	roulette	wheel	to	be	a	(q,	G)-coloring,	where	the	cyclic	group	G	=	#ρ$	of	order	n	is	acting.	The	base	step	S(1)	has	already	been	checked;	it	is	on	the	list.	(ii)	State	and	prove	a
necessary	and	sufficient	condition	that	a	polynomial	f	(x)	∈	F	p	[x]	have	f		(x)	=	0.	(vi)	(n,	n	+	1)	=	1	for	every	natural	number	n.	By	Lemma	1.17,	both	nr	and	n−r	are	equal	to	n!	.	(ii)	There	are	no	5th	roots	of	unity	in	a	field	of	characteristic	5.	,	x6	)	=	16	(x16	+	2x6	+	2x32	+	x23	)	and	PG	(q,	.	(iv)	There	are	infinitely	many	positive	integers	m	for	which
Im	is	a	domain.	Define	qn+1	=	10qn	+	1,	which	is	an	integer.	It	now	follows	from	Corollary	1.37	that	there	is	a	positive	number	d	in	I	,	i.e.,	ζ	d	=	1,	such	that	every	k	in	I	is	a	multiple	of	d;	that	is,	if	ζ	k	=	1,	then	d	|	k.	Why	was	I	wrong?	(vi)	If	S	is	a	subring	of	a	commutative	ring	R,	then	U	(S)	=	U	(R)	∩	S.	(v)	If	k	is	a	field,	then	the	list	1,	x,	x	2	,	.	We
now	understands	the	unpopularity	of	the	quartic	formula.	1.21	For	any	integer	n	≥	2,	prove	that	there	are	n	consecutive	composite	numbers.	1.86	Prove	that	there	is	no	perfect	square	a	2	whose	last	two	digits	are	35.	On	the	other	hand,	AB	+	AC	=	(A	∩	B)	+	(A	∩	C)	=	[(A	∩	B)	∩	(A	∩	C)	]	∪	[(A	∩	C)	∩	(A	∩	B)	]	=	[(A	∩	B)	∩	(A	∪	C		)]	∪	[(A	∩	C)	∩	(A	∪
B		)]	=	[(A	∩	B	∩	A	)	∪	(A	∩	B	∩	C		)]	∪	[(A	∩	C	∩	A	)	∪	(A	∩	C	∩	B		)]	=	(A	∩	B	∩	C		)	∪	(A	∩	C	∩	B		),	because	A	∩	A	=	∅.	Actually,	one	root	is	4,	as	one	sees	using	Corollary	3.91.	(ii)	Show,	for	any	year	y	>	0,	that	g(y)	−	g(y	−	1)	=	1	or	2,	where	g(y)	=	y	+		y/4	−	y/100	+		y/400.	If	the	origin	(0,	0,	0)	lies	on	a	line	,	then	u	=	0	and		=	{αw	:	α	∈	R},	where



w	is	some	fixed	nonzero	vector.	If	z	=	q	+	i	p,	then	|z	2	|	=	|z|2	,	by	part	(i).	Remark.	For	each	x	∈	X	,	define	f		(x)	=	f	(x).	(ii)	Prove	that	the	subgroup	H	in	part	(i)	is	not	a	normal	subgroup.	The	representation	of	G	on	the	cosets	of	H	gives	a	homomorphism	ρ	:	G	→	S	X	∼	=	Sn	with	ker	ρ	≤	H	.	It	is	easily	seen	that	the	inverse	image	J	=	ν	−1	(I	)	=	{n	∈	Z	:
ν(n)	∈	I	}	is	an	ideal	in	Z;	moreover,	ν(J	)	=	I	.	(i)	If	H	is	a	subgroup	of	K	and	K	is	a	subgroup	of	G,	then	H	is	a	subgroup	of	G.	b	a+b	d	c+d	bc	+	ad	+	bd	bd	+	(a	+	b)(c	+	d)	89	Now	so	that	the	product	lies	in	F4	.	In	the	second	case,	we	contradict	the	product	formula,	which	now	says	that	2	1	4	(n!)	|An	||H	|	=	|An	H	|	≤	|Sn	|	=	n!.	4.20	(i)	Prove	that	U	⊕
W	is	a	vector	space.	(ii)	Prove	that	there	is	equality,	n		ε	j	=	n,	j=1	if	and	only	if	all	the	ε	j	are	equal.	Since	g	is	surjective,	there	is	y	∈	Y	with	g(y)	=	z;	since	f	is	surjective,	there	is	x	∈	X	with	f	(x)	=	y.	If	there	is	an	element	of	order	4,	then	G	is	cyclic	with	that	element	as	generator.	Prove	that	the	number	of	left	cosets	of	H	in	G	is	equal	to	the	number	of
right	cosets	of	H	in	G.	,	10}	→	{0,	1,	2,	.	If	([a]	f	,	[b]g	)	∈	k[x]/(	f	(x))	×	k[x]/(g(x)),	is	there	h(x)	∈	k[x]	with	ϕ(h)	=	([h]	f	,	[h]g	)	=	([a]	f	,	[b]g	);	that	is,	is	there	h	∈	k[x]	with	h	−	a	∈	(	f	)	and	h	−	b	∈	(g)?	If	H	is	a	subgroup	of	order	12,	then	H	is	normal	(it	has	index	2),	and	so	it	contains	all	the	conjugates	of	each	of	its	elements.	(viii)	If	f	(x)	is	a
nonconstant	polynomial	over	a	field	k	and	if	the	quotient	ring	k[x]/(	f	(x))	is	a	field,	then	f	(x)	is	irreducible.	√	√	Solution.	For	the	inductive	step,	there	is	an	integer	qn	with	10n+1	=	10	×	10n	=	10(9qn	+	1)	=	90qn	+	10	=	9(10qn	+	1)	+	1.	Suppose	that	a	code	C	detects	up	to	s	errors	and	that	it	corrects	up	to	t	errors.	Prove	that	[x]	=	[y]	in	P2	(k)	if	and
only	if	x,	y	is	a	linearly	independent	list	in	k	3	.	Conclude	that	F	∈	Gal(k/F	p	).	The	result	is	obviously	true	if	a		=	a	and	b	=	b.	(i)	Prove	that	H	K	is	a	subgroup	of	G	if	and	only	if	H	K	=	K	H	.	Thus,	scalar	multiplication	on	V	/U	is	well-defined.	2.68	Prove	that	a	group	G	is	abelian	if	and	only	if	the	function	f	:	G	→	G,	given	by	f	(a)	=	a	−1	,	is	a
homomorphism.	√	√	3	3	Solution.	Now	the	last	digit	of	b	must	be	5	(otherwise	the	last	digit	of	b2	would	not	be	5),	and	so	34	b	≡	5	mod	10.	(iii)	If	dim(V	)	=	n,	prove	that	dim(V	∗	)	=	n,	and	hence	that	V	∗	∼	=	V.	Therefore,	a	≡	b.	Hence	x	≡	182	·	84	=	15288	≡	63	mod	725.	If	G	has	order	4,	then	the	only	possible	orders	of	elements	in	G	are	1,	2,	and	4.	√
(ii)	If	a	=	±1	is	a	squarefree	integer,	prove	that	n	a	is	irrational.	Thus,	b2	=	2c2	,	which	implies,	as	above,	that	b	is	even.	This	is	a	realistic	problem;	the	implementation	of	the	formula	is	rather	long	(but	see	the	remark	at	the	end	of	this	solution).	(iii)	Prove,	for	all	n	≥	1	and	every	finite	field	k,	that	there	is	an	irreducible	polynomial	of	degree	n	in	k[x].	If
m	=	2	=	n,	then	(mn)!	=	24	and	m!n!	=	4.	(x)	If	σ	ασ	−1	=	ωαω−1	,	then	σ	=	ω.	Take	G	=	S3	,	take	H	=	#(1	2)$,	and	take	g	=	(1	3).	It	follows	that	G	contains	exactly	2n	elements.	3.36	Prove	that	the	usual	rules	of	calculus	hold	for	derivatives	of	polynomials	in	R[x],	where	R	is	a	commutative	ring;	that	is,	(	f	+	g)	=	f		+	g		;	(r	f	)	=	r	f		if	r	∈	R;	(	f	g)	=	f	g	
+	f		g;	(	f	n	)	=	n	f	n−1	f		for	all	n	≥	1.	It	suffices	to	show	that	if	A,	B	∈	SL(2,	R),	then	so	is	AB	−1	;	that	is,	if	det(A)	=	1	=	det(B),	then	det(AB	−1	)	=	1.	From	part	(i),	we	have	a	2	≡	±2	mod	p.	(xiii)	The	alternating	group	A5	is	simple.	(ii)	Find	gcd(1234,	5678).	1.63	Prove	that	the	following	pseudocode	implements	the	Euclidean	algorithm.	It	is	a	routine
calculation	to	show	that	if	M,	N	∈	A,	then	M	N	∈	A	and	M	−1	∈	A.	,	ir	}	⊆	{1,	2,	.	If	W	is	an	r	-dimensional	subspace	of	V	,	prove	that	V	=	W	⊕W	⊥	(see	Example	4.5).	The	cyclic	subgroup	#a$	has	order	n,	hence	index	2,	so	that	D2n	is	the	disjoint	union	#a$	∪	#a$b.	But	any	two	finite	fields	of	the	same	order	are	isomorphic.	Eisenstein’s	criterion
applies,	for	7	|	210	and	7	|	616,	but	72		616.	The	proof	is	by	induction	on	n	≥	1.	Induction	on	n	≥	1	(taking	base	step	n	=	0	is	also	fine;	the	only	set	with	0	elements	is	X	=	∅,	which	has	exactly	one	subset,	itself).	Hardy	to	Ramanujan.	83	(viii)	If	X	is	an	infinite	set,	then	the	family	of	all	finite	subsets	of	X	forms	a	subring	of	the	Boolean	ring	B(X	).	2.40	Let
y	be	a	group	element	of	order	m;	if	m	=	dt	for	some	d	≥	1,	prove	that	y	t	has	order	d.	Hence,	α	=	1	+	i,	β	=	1	−	i,	and	a	root	of	the	polynomial	is	α	+	β	=	2.	C	G	(x)	=	{g	∈	G	:	gx	=	xg}	while	C	H	(x)	=	{g	∈	H	:	gx	=	xg}.	Therefore,	every	transposition	is	in	H	,	and	so	H	=	S4	.	If	H	is	a	second	such	subgroup,	then	H		Sn	because	it	has	index	2.	(ii)	Use	part
(i)	to	for	a	given	n,	that	the	sum	of	all	the	binomial	nprove,	n	coefficients	r	with	r	even	is	equal	to	the	sum	of	all	those	r	with	r	odd.	(If	one	wants	to	be	fussy–this	is	the	wrong	course	for	analytic	fussiness–	then	the	partial	sums	of	the	series	form	the	constant	sequence	c0	,	c0	,	c0	,	.	Let	An	be	the	vertical	rectangle	with	base	21n	and	height	n,	so	that
area(An	)	=	n/2n	,	and	let	Bn	be	1	horizontal	rectangle	with	base	21n	+	2n+1	+	·	·	·	and	height	1.	,	vm	in	a	vector	space	V	is	linearly	independent	if	and	only	if	it	spans	an	m-dimensional	subspace	of	V	.	Let	v	+	U	∈	V	/U	and	let	α	be	a	scalar.	(ii)	Find	all	the	elements	of	finite	order	in	S	O(2,	R),	the	special	orthogonal	group.	Both	f	|S	and	f	◦i	have	domain
S	and	target	Y	.	(Of	course,	the	other	square	root	is	the	negative	of	this	one.)	(ii)	Find	all	the	fourth	roots	of	8	+	15i.	(x)	Complex	conjugation	permutes	the	roots	of	every	polynomial	having	real	coefficients.	3.21	Find	all	the	units	in	the	ring	Z[i]	of	Gaussian	integers.	(ii)	G	is	a	subgroup	of	itself.	Prove	that	the	product	of	two	stochastic	matrices	is	again
stochastic,	and	that	the	inverse	of	a	stochastic	matrix	is	stochastic.	In	Exercise	2.86,	we	saw	that	Z	(Q)	=	{±E},	so	that	Q/Z	(Q)	has	order	4.	(iii)	If	a	=	b	in	Z,	then	[a]	=	[b]	in	Im	.	The	proof	is	the	same	as	for	Exercise	1.65(i),	mutatis	mutandis.	5.9	(i)	Prove	that	cosh(3θ)	=	4	cosh3	(θ)	−	3	cosh(θ).	.,	and	define	e	ϕ(e0	+	e1	x	+	e2	x	2	+	·	·	·	+	en	x	n	)	=
p00	·	·	·	pnen	.	If	u	is	a	unit,	then	there	is	v	∈	R	with	uv	=	1;	therefore,	∂(u)	≤	∂(uv)	=	∂(1).	Prove	the	de	Morgan	laws	(A	∪	B)	=	A	∩	B		and	(A	∩	B)	=	A	∪	B		,	where	A	=	X	−	A	denotes	the	complement	of	A.	Finally,	multiply	equation	(1)	by	256	to	get	256C	=	5(256a)	+	256	=	5(625e	+	369)	+	256	=	3125e	+	2101.	122	(ii)	If	x	4	+	1	=	(x	2	+	ax	+	b)(x	2	+
cx	+	d)	∈	F	p	[x],	where	p	is	an	odd	prime,	prove	that	c	=	−a	and	d	+	b	−	a2	=	0	a(d	−	b)	=	0	bd	=	1.	5		This	is	the	desired	formula,	for	√1	(α	−	β)	=	1	and	√1	(α	m+2	−	β	m+2	)	=	5	5	Fm+2	.	4.60	4.61	4.62	4.63	4.64	Solution.	f	f	Solution.	The	polar	coordinates	of	(8,	15)	are	(17,	62◦	),	and	sin	31◦	≈	.515	and	cos	31◦	≈	.857.	The	hint	refers	to	the	fact,
which	is	the	key	step	in	antanairesis,	that	(a,	b)	=	(a	−	b,	b)	whenever	a	>	b.	2.96	Prove	that	U	(I9	)	∼	=	I6	and	U	(I15	)	∼	=	I4	×	I2	.	(iv)	If	a	group	G	acts	on	a	set	X	,	then	X	is	a	group.	Define	f	:	R	→	R	by	f	(0)	=	1,	f	(1)	=	0,	and	f	(r	)	=	0	otherwise;	define	g	:	R	→	R	by	g(0)	=	0,	g(1)	=	1,	and	g(r	)	=	0	otherwise.	The	function	f	is	a	bijection,	for	its	inverse
is	g	:	On	→	An	,	which	is	given	by	g	:	α		→	τ	α.	√	3.22	Show	that	F	=	{a	+	b	2	:	a,	b	∈	Q}	is	a	field.	(i)	Show	that	the	formulas	defining	addition	and	multiplication	on	R[x]	make	sense	for	R[[x]],	and	prove	that	R[[x]]	is	a	commutative	ring	under	these	operations.	(iv)	If	A	and	B	are	n	×	n	nonsingular	matrices,	then	A	+	B	is	nonsingular.	By	Exercise	2.13,
the	function	ϕ	is	surjective;	that	is,	for	each	x	∈	G,	there	is	g	∈	G	with	x	=	ϕ(g)	=	g	2	.	Now	x	2	−	1	is	divisible	by	24	if	and	only	if	it	is	divisible	by	3	and	by	8	(as	3	and	8	are	relatively	prime).	The	subset	X	is	“one”,	for	X	∩	U	=	U	for	every	subset	U	⊆	X	;	1	=	0	because	X	is	nonempty;	it	is	easy	to	check	associativity–U	∩	(V	∩	W	)	=	(U	∩	V	)	∩	W	–and
commutativity–	U	∩	V	=	V	∩	U	.	4.15	If	f	(x)	=	c0	+	c1	x	+	·	·	·	+	cm	x	m	∈	k[x]	and	if	A	∈	Matn	(k),	define	f	(A)	=	c0	I	+	c1	A	+	·	·	·	+	cm	Am	∈	Matn	(k).	(iii)	Show	that	I4	is	not	a	field.	Rewrite	this	last	expression	without	the	sigma	notation:	n		0	n		n		f	1	gn	+	·	·	·	+	f	k	g	n−k+1	+	·	·	·	1	k	n			n		f	1	gn	+	·	·	·	+	f	k	g	n−k+1	·	·	·	.	In	part	(i),	we	saw	that	x	4
+	1	factors	in	F2	[x],	and	in	part	(iii),	we	saw	that	it	factors	in	F	p	[x]	for	every	odd	prime	p	if	certain	congruences	can	be	solved.	(ii)	Determine	dim(S),	where	S	is	the	subspace	of	Matn	(k)	consisting	of	all	the	symmetric	matrices.	140	Solution.	(v)	If	A	is	a	2	×	2	matrix	over	R	all	of	whose	entries	are	positive,	then	det(A)	≥	0.	(ii)	Determine	dim(K	).
Therefore,	sin	θ	+	cot	θ	+	sec	θ	≥	3.	Therefore,	x	has	order	p.	The	course	teaches	you	the	American	version	of	English,	which	will	make	you	right	at	home	in	the	US	and	Canada.Over	a	26-year	history	of	language	instruction,	Rosetta	Stone	has	gained	a	reputation	for	effectiveness.	Let	c	=	(c1	,	.	,	x	100	is	a	linearly	independent	list	in	k[x],	where	k	is	a
field.	If	a	+	b	2	=	0,	then	√	its	inverse	is	c−1	(a	−	b	2)	∈	F,	where	c	=	a	2	−	2b2	(note	that	c	=	0,	by	Proposition	1.43).	∼	H	using	the	first	(iii)	Prove	K	∗		(H	×	K	)	and	(H	×	K	)/K	∗	=	isomorphism	theorem.	Suppose	that	x	4	−	10x	2	+	1	=	(x	2	+	ax	+	b)(x	2	−	ax	+	c)	in	Q[x]	(we	may	assume	the	coefficient	of	x	in	the	second	factor	is	−a	because	f	(x)	has
no	cubic	term).	Write	a	=	α	+	α	5,	b	=	2	(β	+	β	)	5,	and	b	=	√	1		)	5.	Notice	that	the	second	form	is	the	appropriate	induction	here,	for	we	are	using	two	predecessors,	S(n	−	2)	and	S(n	−	1),	to	prove	S(n).	But	|H	|	and	|K	|	are	relatively	prime,	so	that	|H	∩	K	|	=	1	and	H	∩	K	=	{1}.	If	f	(x)	=	an	x	n	+	an−1	x	n−1	+	·	·	·	,	then	f	(x)	=	nan	x	n−1	+	(n	−
1)an−1	x	n−2	+	·	·	·	+	a1	.	Show	that	a	is	divisible	by	7	if	and	only	if	some	one	of	a		,	a		,	a		,.	The	minimum	value	for	C	is	thus	3121	coconuts.	2.80	Prove	that	the	intersection	of	any	family	of	normal	subgroups	of	a	group	G	is	itself	a	normal	subgroup	of	G.		For	any	n	≥	0,	we	have	cn	=	i+	j=n	si	t	j	.	The	base	step	has	been	proved	above,	and	condition
(iii)	is	precisely	what	is	needed	for	the	inductive	step.	Conversely,	if	f	(r	)	=	0	for	all	r	∈	R,	define	g	∈	F(R)	by	g(r	)	=	1/	f	(r	);	then	f	g	=	1	and	f	is	a	unit.	By	Exercise	4.8,	we	know	that	X	n	=	1,	x,	x	2	,	.	2.57	If	H	and	K	are	subgroups	of	a	group	G	and	if	|H	|	and	|K	|	are	relatively	prime,	prove	that	H	∩	K	=	{1}.	2.38	(i)	Compute	the	order,	inverse,	and
parity	of	α	=	(1	2)(4	3)(1	3	5	4	2)(1	5)(1	3)(2	3).	Conversely,	assume	that	H	K	=	K	H	.	b	a+b	d	c+d	b+d	a+c+b+d	Let	us	see	that	F4	is	closed	under	matrix	multiplication:						a	b	c	d	ac	+	bd	ad	+	bc	+	bd	=	.	Write		=	a		k,	and	observe	that	c	=	db		=	db	a		k	=	(db	)(da		)k/d	=	[ab/d]k.	Prove,	for	every	i	≥	0,	that	∂(bi	)	<	∂(bi+1	).	It	is	not	clear	from	the
cubic	formula	that	the	roots	are	all	real;	however,	27r	2	+	4q	3	=	−432	<	0,	and	Proposition	5.9	applies.)	5.14	Find	the	roots	of	x	4	−	15x	2	−	20x	−	6.	Now	consider	the	statements	T	(n)	:	S(m,	n)	is	true	for	all	m	≥	0.	4.43	Let	Rn	be	equipped	with	the	usual	inner	product:	if	v	=	(a1	,	.	Now	F	is	an	injection,	for	if	0	=	F(x)	=	x	p	,	then	x	=	0.	(i)	Prove	that
F∞	=	{σ	∈	S	X	:	σ	moves	only	finitely	many	n	∈	X	}	is	a	subgroup	of	S	X	.	(ii)	If	f	:	G	→	H	is	a	homomorphism	and	if	(|G|,	|H	|)	=	1,	prove	that	f	(x)	=	1	for	all	x	∈	G.	j	(iii)	Prove	that	if	k	is	a	finite	field,	then	every	irreducible	polynomial	p(x)	∈	k[x]	has	no	repeated	roots.	1.53	Find	the	b-adic	digits	of	1000	for	b	=	2,	3,	4,	5,	and	20.	Now	z	2	=	(q	2	−	p2	)	+
i2q	p,	so	that	|z	2	|	=	(q	2	−	p2	)2	+	(2q	p)2	.	If	z	is	a	root	of	f	(x),	then	z	is	also	a	root	of	f	(x).	A.	(iv)	Assume	that	R	has	a	degree	function	∂	:	R	×	→	N.	(iii)	If	Y	X	(that	is,	Y	is	a	proper	subset	of	X	),	show	that	the	one	in	B(Y	)	is	distinct	from	the	one	in	B(X	).	(ix)	Every	infinite	group	contains	an	element	of	infinite	order.	n	+	12	(n	2	−	n).	If	1	=	(1,	0),	2	=
(0,	1)	is	the	standard	basis	of	R2	,	then	ϕ	corresponds	to	the	2	×	2	matrix	whose	first	column	are	the	coordinates	of	ϕ(1	)	and	whose	second	column	are	the	coordinates	of	ϕ(2	),	as	in	Example	2.48(iii).	×	Solution.	If	H		S4	and	α	∈	H	is	an	element	of	order	2,	then	H	must	contain	all	the	conjugates	of	α;	that	is,	H	must	contain	all	the	elements	in	S4
having	the	same	cycle	structure	as	α.	1.27	Prove	that	if	a1	,	a2	,	.	2.129	Prove	that	the	only	normal	subgroups	of	S4	are	{(1)},	V,	A4	,	and	S4	.	Using	the	X	Y	case,	(B	Ai	)(B	A	j	)	=	B(Ai	B	A	j	)	=	B	B	A	j−i	=	A	j−i	∈	X	≤	G.	2.66	Let	G	be	a	group,	let	X	be	a	set,	and	let	ϕ	:	G	→	X	be	a	bijection.	4.9	It	is	shown	in	analytic	geometry	that	if	1	and	2	are
nonvertical	lines	with	slopes	m	1	and	m	2	,	respectively,	then	1	and	2	are	perpendicular	if	and	only	if	m	1	m	2	=	−1.	It	is	easy	to	check	that	I	satisfies	the	hypotheses	of	Corollary	1.37,	so	that	every	number	m	in	I	is	a	multiple	of	d,	where	d	is	the	smallest	positive	element	in	I	.	Second,	the	inverse	of	each	matrix	M	∈	Q	also	lies	in	Q.	If	H	≤	A5	has	order
30,	then	it	has	index	2.	1.46	True	or	false	with	reasons.	4.65	If	N	is	a	nilpotent	matrix,	prove	that	I	+	N	is	nonsingular.	,	Am	is	a	linearly	dependent	list	2	because	dim(Matm	(k))	=	m	.	2.105	Let	G	be	a	finite	group	with	K		G.	,	q)	=	12	(q	n	+	q	k	)	or	12	(q	n	+	q	k+1	),	depending	on	the	parity	of	n.	(iv)	How	many	regular	permutations	are	there	in	S5	?
Exercises	and	audio	by	native	English	speakers	will	improve	your	comprehension	of	spoken	English.	(i)	The	symmetric	group	on	n	letters	is	a	set	of	n	elements.	If	i	=	j,	then	we	may	cancel	to	obtain	A	j	=	A	.	We	can	use	the	cubic	formula	to	obtain:	ω(1	+	i)	+	ω2	(1	−	i)	and	ω2	(1	+	i)	+	ω(1	−	i),	or	one	can	use	the	division	algorithm	and	the	quadratic
formula:	x	3	−	6x	+	4	=	(x	−	2)(x	2	+	2x	−	2),	√	so	that	the	other	roots	are	−1	±	3.		As	indicated	in	Figure	1.3,	a	rectangle	with	height	n	+	1	n	i	k	can	be	subdivided	so	that	the	shaded	staircase	and	base	i=1	n	has	area	i=1	i	k+1	,	while	the	area	above	it	is	1k	+	(1k	+	2k	)	+	(1k	+	2k	+	3k	)	+	·	·	·	+	(1k	+	2k	+	·	·	·	+	n	k	).	1.62	If	a	>	0,	prove	that	a(b,	c)
=	(ab,	ac).	3.14	Let	a	and	m	be	relatively	prime	integers.	(vi)	If	p	is	a	prime,	any	two	groups	of	order	p	are	isomorphic.	4.37	(i)	Solution.	4.56	(i)	If	A	and	B	are	n	×	n	matrices	with	entries	in	a	commutative	ring	R,	prove	that	tr(AB)	=	tr(B	A).	Thus,	ρ	=	(1	2	3	4	5	6),	ρ	2	=	(1	3	5)(2	4	6),	ρ	3	=	(1	4)(2	5)(3	6),	ρ	4	=	(1	5	3)(2	4),	ρ	5	=	(1	6	5	4	3	2).	(ii)	Find
the	roots	of	f	(x)	using	the	trigonometric	formula.	For	the	inductive	step,	we	have	(	f	g)n+1	=	[(	f	g)n	]	n				n	k	n−k		f	g	=	k	k=0	=	=	n				n	k=0	n			k=0	=	k			n			k+1	n−k	g	+	f	k	g	n−k+1	f	k	n				n	k=0	f	k	g	n−k	k	f	k+1	n−k	g	+	n				n	k=0	k	f	k	g	n−k+1	.	..)	(ii)	Prove,	for	all	n	≥	0,	that	f	(n)	(x)	=	n!cn	+	(n	+	1)!cn+1	x	+	x	2	gn	(x),	where	gn	(x)	is	some
power	series	.	,	an	,	where	ti	is	in	Z	for	1	≤	i	≤	n,	satisfies	the	conditions	of	Corollary	1.37.	n		p	(1	−	p)n−	,	and	conclude	that	the	probabil(ii)	Prove	that	P	=		ity	P	is	independent	of	q.	If	a	is	a	positive	integer,	then	a	=	d0	+	10d1	+	100d2	+	·	·	·	+	10n	dn	,	where	0	≤	di	≤	9	for	all	i.	,	vn	is	a	basis,	then	there	is	an	automorphism	which	interchanges	v1	and
v2	and	which	fixes	v3	,	.	(ii)	Prove	that	Q	has	no	subgroup	isomorphic	to	V.	Prove,	for	all	r	∈	R	that	there	exists	d	∈	{0,	1,	−1}	such	that	r	−	d	∈	(u).	2.98	If	G	is	a	group	and	G/Z	(G)	is	cyclic,	where	Z	(G)	denotes	the	center	of	G,	prove	that	G	is	abelian;	that	is,	G	=	Z	(G).	If	{v0	,	v1	,	v2	,	v3	,	v4	,	v5	}	are	the	verices	of	a	regular	hexagon	π6	,	then	we	may
regard	the	symmetry	group	(π6	)	as	82	a	subgroup	of	S6	,	for	each	ϕ	∈	(π6	)	is	a	permutation	of	the	vertices	(draw	a	hexagon	similar	to	Figure	2.15).	I	told	him	that	this	could	not	be,	for	1900	was	not	a	leap	year.	(ii)	Show	that	every	u	∈	F	has	a	factorization	u	=	αβ	−1	,	where	α,	β	∈	Z[i].	4.36	(i)	If	S	:	V	→	W	is	a	linear	transformation	and	f	∈	W	∗	,	then
the	S	f	composite	V	−→	W	−→	k	lies	in	V	∗	.	(Note	that	if	γ	=	(1	3	2	4),	then	γ	2	=	α.)	Only	the	first	four	of	these	are	even.	(ii)	For	any	positive	integer	n	and	any	r	with	0	<	r	<	n,	the	binomial	coefficient	nr	is	a	multiple	of	n.	144	(ii)	Show	that	one	root	of	f	(X	)	=	X	3	+	X	2	−	36	is	an	integer	and	find	the	other	two	roots.	But	r	=	bi	−	qbi+1	=	bi	(1	−	qb),
so	that	∂(bi	)	≤	∂(bi	(1	−	qb))	=	∂(r	)	(1	−	qb	is	nonzero	because	b	is	not	a	unit).	2.31	(i)	Prove,	for	all	i,	that	α	∈	Sn	moves	i	if	and	only	if	α	−1	moves	i.	To	show	that	R	#	is	a	group,	we	must	first	show	that	◦	is	an	operation	on	R	#	;	that	is,	if	a	=	1	and	c	=	1,	then	a	◦	c	=	1.	Yes,	because	rank(A)	=	3.	If	α	is	a	real	root	of	f	(x),	then	Q(α)	⊆	R,	and	so	it
cannot	be	the	splitting	field	E	of	f	(x).	Taking	nth	roots	gives	(a1	+a2	+·	·	·+an	)(1/a1	+1/a2	+·	·	·+1/an	)	≥	n	2	.	√	(iv)	Q(	5)	is	a	normal	extension	of	Q.	Each	of	the	remaining	three	men	does	likewise	in	turn.	Choose	a	basis	u	1	,	.	Use	induction	on	the	number	of	distinct	subgroups	Si	.	2.119	Show	that	S4	has	a	subgroup	isomorphic	to	D8	.	Use	Heron’s
formula:	if	a	triangle	T	has	area	A	and	sides	of	lengths	a,	b,	c,	then	A2	=	s(s	−	a)(s	−	b)(s	−	c),	where	s	=	12	(a	+	b	+	c).	(iv)	If	a	group	G	acts	on	a	set	X	,	and	if	x,	y	∈	X	lie	in	the	same	orbit,	then	G	x	∼	=	G	y.	Therefore,	A	is	not	in	the	center	of	GL(2,	R).	Expand	and	substitute	β	=	2	p	+	1,	β		=	2	p	+	1,	γ	=	2q	+	1,	and	γ		=	2q		+	1	(for	β,	β		,	γ	,	and	γ	
are	odd).	(ii)	Every	subring	of	a	domain	is	a	domain.	(i)	If	Dn	=	det(T	[x1	,	.	1	Solution.	Since	4d	occurs	in	the	last	equation	and	5d	occurs	in	equation	(4)	above	it,	rewrite	the	latter	as	16c	=	5	·	4d	+	4.	(The	assumption	(x	−	a)	|	f	(x)	is	not	needed	in	this	direction.)	Conversely,	assume	that	x	−	a	|	f	(x)	and	x	−	a	|	f		;	hence	f	(x)	=	(x	−	a)g(x)	and	f		(x)	=	(x
−	a)k(x).	By	Proposition	1.14,	we	have	a	=	2k	m	and	b	=	2	n,√where	k,		≥	0	and	m,	n	are	,	then	we	may	cancel	to	obtain	2	=√2k−	m/n;	√odd.	(i)	If	[a]	=	[b]	in	Im	,	then	a	=	b	in	Z.	2.9	Show	that	if	f	:	X	→	Y	is	a	bijection,	then	it	has	exactly	one	inverse.	120	If	a(x)	∈	k[x],	denote	its	congruence	class	in	k[x]/(	f	(x))	by	[a]	f	.	Finally,	write		√		√		bb	=	12	(β	+	β
	)	5	12	(γ	+	γ		)	5			√	=	14	(βγ	+	5β		γ		)	+	5(βγ		+	β		γ	)	.	(The	reader	is	expected	to	use	his	knowledge	of	congruences	to	facilitate	the	calculations.)	47	(ii)	Compute	the	parity	of	f	.	Define	S(2n	−	1)	to	be	the	statement	n	=	n,	and	define	S(2n)	to	be	the	statement	n	=	n.	,	yn	}	be	finite	sets,	where	the	xi	are	distinct	and	the	y	j	are	distinct.	1.68	True	or
false	with	reasons.	7	1.13	(i)	Prove	that	2n	>	n	3	for	all	n	≥	10.	Thus,	we	may	assume	that	that	G	is	an	abelian	group	(which	we	now	write	additively)	with	2x	=	0;	that	is,	G	is	a	vector	space	over	F2	(the	field	with	2	elements).	This	means	that	if	your	native	language	is	not	covered,	you	might	miss	out.	If	u	=	p1e1	·	·	·	pnen	+	p	f	−e	p1	1	·	·	·	pn	n	,	then
either	u	=	0	or	u	p	=	p	−0	=	1.	(iii)	(Gilbert-Varshamov	bound.)	where	|A|	=	q,	prove	that	If	C	⊆	An	is	an	(n,	M,	d)-code,	qn	≤	M.	Let	h	=	p1e1	·	·	·	ptet	be	the	prime	factorization	of	h.	Therefore,	[	f	g]∗	=	f	∗	g	∗	.	(ii)	Prove	that	if	k	is	a	field	and	f	(x),	g(x)	∈	k[x]	are	relatively	prime,	then	k[x]/(	f	(x)g(x))	∼	=	k[x]/(	f	(x))	×	k[x]/(g(x)).	Let	(b,	c)	=	d.	Since	G
is	isomorphic	to	a	subgroup	of	S3	,	we	must	have	G	∼	=	S3	.	3.8	(i)	If	R	is	a	domain	and	a	∈	R	satisfies	a	2	=	a,	prove	that	either	a	=	0	or	a	=	1.	(i)	f	(x)	=	3x	2	−	7x	−	5.	The	odds	against	your	winning	are	more	than	a	million	to	one.	Reducing	mod	3	to	gives	an	irreducible	cubic	in	F3	[x].	It	is	clear	that	ψ	is	a	bijection,	and	it	remains	to	prove	that	ψ	is	a
homomorphism,	hence	an	isomorphism.	Consider	the	function	f	:	G	→	G	defined	by	f	(x)	=	x	2	.	30	(iv)	For	all	rationals	a,	b,	c,	prove	δ	p	(a,	b)	≤	δ	p	(a,	c)	+	δ	p	(c,	b).	Conclude	that	AB	can	have	infinite	order	even	though	both	factors	A	and	B	have	finite	order.	2	1	7	(x)	0	1	8	is	diagonalizable.	(iii)	Give	another	proof	of	Exercise	1.72:	if	p	is	a	prime	not
dividing	r	an	integer	m	≥	1,	then	p		pprm	.	3	Now	sin	θ	cot	θ	sec	θ	=	sin	θ	so	that	1	3	(sin	θ	+	cot	θ	+	sec	θ)	1	3	(sin	θ	3	cos	θ	1	=	1,	sin	θ	cos	θ	≥	1	and	+	cot	θ	+	sec	θ)	≥	1.	,		Prove	that	sgn(σ		)	=	sgn(σ	).	(ii)	(B.	Now	I8	∼	=	I4	×	I2	and	I8	∼	=	I2	×	I2	×	I2	because	I8	has	an	element	of	order	8	and	the	other	two	groups	do	not.	(i)	S(0,	0):	(0	+	0)0	=	1	·
0.	After	substituting	X	=	x	+	8,	one	obtains	x	3	−	216x	−	1241.	(Alternatively,	one	could	prove	that	f	is	a	bijection	by	showing	directly	that	it	is	injective	and	surjective.)	2.11	Determine	whether	f	:	Q	×	Q	→	Q,	given	by	f	(a/b,	c/d)	=	(a	+	c)/(b	+	d)	is	a	function.	By	Pascal’s	formula:	p	a=	n	pr	=	n!	.	Therefore,	there	are	r1	[n(n	−	1)	·	·	·	(n	−	r	+	1)]	r	-
cycles	in	Sn	.	.)	is	a	polynomial,	i.e.,	that	its	coordinates	are	eventually	0,	does	not	enter	into	the	proof).	If	x	∈	G,	then	x	2	=	1	implies	x	−1	=	x.	That	the	desired	integer	x	satisfies	three	congruences:	x	≡	4	mod	5;	x	≡	3	mod	7;	x	≡	1	mod	9.	0	1	0	1	0	1	(iii)	Prove	that	the	stochastic	group	(2,	R)	[see	Exercise	2.48]	is	isomorphic	to	the	affine	group	Aff(1,
R)	by	showing	that	−1	ϕ	:	(2,	R)	→	A	∼	by	ϕ(M)	Q	=	Aff(1,	R),	M	Q	,	is	1	0	given	=	−1	1	0	an	isomorphism,	where	Q	=	1	1	and	Q	=	−1	1	.	(ii)	Prove	that	B(X	)	contains	exactly	one	unit.	(iv)	Of	all	the	sequences	of	consecutive	natural	numbers	not	containing	2	primes,	there	is	a	sequence	of	shortest	length.	Since	U	is	a	subspace,	α(v	−	v		)	=	αv	−	αv		∈	U
,	and	so	αv	+	U	=	αv		+	U	.	(iii)	Can	there	be	a	year	with	exactly	one	Friday	13?	Now	−b	>	0,	and	so	there	are	integers	q	and	r	with	−b	=	qa	+	r	and	0	≤	r	<	a;	it	follows	that	b	=	−qb	−	r	.	Then	there	exists	an	isomorphism	ϕ	:	k(z)	→	k		(z		)	with	ϕ(z)	=	z		and	with	ϕ	extending	ϕ.	Let	R	×	denote	the	set	of	nonzero	elements	of	R.	Since	our	inductive	step
will	involve	two	predecessors,	we	are	obliged	to	check	the	case	n	=	2.	,	an	(x)	in	k[x]	be	given.	z¯	z	(ii)	Prove	that	Z,	Q,	and	R	are	domains.	(i)	If	a	and	m	are	integers	with	m	>	0,	then	a	≡	i	mod	m	for	some	integer	i	with	0	≤	i	≤	m	−	1.	(vi)	f	(x)	=	x	5	−	4x	+	2.	Therefore,	ord(σ	τ	)	=	ord(σ	)	+	ord(τ	).	3.40	If	σ	=	(s0	,	s1	,	s2	,	.	For	the	inductive	step,	[12	+
22	+	·	·	·	+	n	2	]	+	(n	+	1)2	=	13	n	3	+	12	n	2	+	16	n	+	(n	+	1)2	=	13	(n	+	1)3	+	12	(n	+	1)2	+	16	(n	+	1),	after	some	elementary	algebraic	manipulation.	r	r	=0	Solution.	√	(iii)	Using	the	fact	that	α	=	12	(1	+	−19)	is	a	root	of	x	2	−	x	+	5,	prove	that	R	=	{a	+	bα	:	a,	b	∈	Z}	is	a	domain.	At	this	point,	one	could	assign	a	project	involving	completions,	p-
adic	integers,	and	p-adic	numbers.	2	1	(ii)	0	1	is	invertible	over	Q.	By	De	Moivre’s	theorem,	since	i	=	eiπ/2	,	we	have	√	√	√	i	=	eiπ/4	=	cos	π/4	+	i	sin	π/4	=	22	+	i	22	.	4.70	(Hamming	bound)If	C	⊆	An	is	an	(n,	M,	d)-code,	where	|A|	=	q	and	d	=	2t	+	1,	prove	that	qn	.	1.58	Prove	that	if	(r,	m)	=	1	=	(r		,	m),	then	(rr		,	m)	=	1.	Hence,	a	∈	{a,	b}	and	{a,	b}	∈
{{a,	b},	b	}	=	a,	contradicting	the	axiom	a	∈	x	∈	a	being	false.	Define	a	relation	on	X	by	x	≡	x		if	f	(x)	=	f	(x		).	3.93	For	every	commutative	ring	R,	prove	that	R[x]/(x)	∼	=	R.	(ii)	Show	that	if	X	has	at	least	two	elements,	then	F(X,	R)	is	not	a	domain.	Conversely,	if	f	(x)	=	an	x	n	has	an	=	0	for	some	n		not	divisible	by	p,	then	f	has	a	nonzero	coefficient	nan
and	so	f		=	0.	The	answer	is:	(1),	(1	2)(3	4),	(1	3)(2	4),	(1	4)(2	3),	(1	2),	(3	4),	(1	3	24),	(1	4	2	3).	If	a	=	10b	+	d0	,	then	a		=	b	−	2d0	.	Taking	an	English	course	online	can	be	done	from	the	comfort	of	your	own	home.	δ	p	(a,	b)	=	δ	p	(b,	a)	because		−	c	p	=		−	1	pc	p	=	c	p	.	If	x	∈	X	and	x	R	y,	then	symmetry	gives	y	R	x	and	transitivity	gives	x	R	x.	1.88
Prove	that	if	p	is	a	prime	and	if	a	2	≡	1	mod	p,	then	a	≡	±1	mod	p.	12	1.24	Use	double	induction	to	prove	that	(m	+	1)n	>	mn	for	all	m,	n	≥	0.	(ix)	If	G	is	a	group,	then	Z	(G)	=	G	if	and	only	if	G	is	abelian.	The	proof	for	polynomials	is	essentially	the	same	as	for	integers.	(v)	f	(x)	=	x	3	+	6x	2	+	5x	+	25.	If	C	is	a	nonempty	set	of	negative	integers,	then	−C
=	{−n	:	n	∈	C}	is	a	nonempty	set	of	positive	integers.	(ii)	Any	two	functions	f	:	X	→	Y	and	g	:	Y	→	Z	have	a	composite	f	◦	g	:	X	→	Z.	If	(x,	1)	∈	H	∗	(so	that	x	∈	H	)	and	(h,	k)	∈	H	×	K	,	then	(h,	k)(x,	1)(h,	k)−1	=	(h,	k)(x,	1)(h	−1	,	k	−1	)	=	(hxh	−1	,	1)	∈	H	∗	.	96	(iii)	Denote	a	formal	power	series	σ	=	(s0	,	s1	,	s2	,	.	It	follows	that	ϕ	is	injective.	(i)	Prove	that	if
a	∈	G	has	infinite	order,	then	so	does	f	(a),	and	if	a	has	finite	order	n,	then	so	does	f	(a).	Exercise	2.86	shows	that	Q	has	a	unique	element	of	order	2,	whereas	V	has	3	elements	of	order	2.	√	Find	8	+	15i.	210	=	21	·	31	·	51	·	71	and	48	=	24	·	31	·	50	·	70	,	so	that	(210,	48)	=	21	·	31	·	50	·	70	=	6.	Y	X	≤	G.	(v)	6x	2	+	10x	+	15	is	a	primitive	polynomial.	This
follows	from	ker	F	=	{a	∈	k	:	a	p	=	0}	=	{0}.	We	prove	that	all	the	statements	T	(n)	are	true	by	induction	on	n	≥	0.	2.83	Give	an	example	of	a	group	G,	a	subgroup	H	≤	G,	and	an	element	g	∈	G	with	[G	:	H	]	=	3	and	g	3	∈	/	H.	True	or	false	with	reasons.	1.40	A	weekly	lottery	asks	you	to	select	5	different	numbers	between	1	and	45.	Solution.	Let	e1	=
(1,	0)	and	e2	=	(0,	1),	If	ϕ	is	an	isometry	of	plane	fixing	athe	c	O,	let	ϕ(e1	)	=	(a,	b),	ϕ(e2	)	=	(c,	d),	and	let	A	=	b	d	.	(ii)	Find	[1371,	123].	,	sn	,	.	(ii)	If	the	distinct	prime	divisors	of	a	positive	integer	h	are	p1	,	p2	,	.	If	n	=	0,	then	our	conventions	that	f	(0)	(x)	=	f	(x)	and	0!	=	1	give	the	result.	Prove	that	an	m	×	n	matrix	A	is	also	a	generating	matrix	of	C	if
and	only	if	A	=	G	H	for	some	matrix	H	∈	GL(n,	F).	If	we	define	f	0	to	be	the	constant	function	1,	then	the	base	step	holds.	i	i=0	Solution.	,	an	,	then	c	|	d.	(viii)	If	a	permutation	α	is	a	product	of	3	transpositions,	then	it	cannot	be	a	product	of	4	transpositions.	We	compute	the	area	of	T	S	E	in	two	ways.	(v)	The	subset	R	=	Q[i]	=	{a	+	bi	:	a,	b	∈	Q}	is	a
subfield	of	C.	(v)	For	all	a,	b	∈	G,	where	G	is	a	group,	aba	−1	b−1	=	1.	The	proof	is	the	same	as	for	Exercise	1.65(ii),	mutatis	mutandis.	,	u	n	is	a	list	in	a	field	k,	then	the	corresponding	Vandermonde	matrix	is	the	n	×	n	matrix	ù	é	1	u	1	u	21	u	31	·	·	·	u	n−1	1	ú	ê	ê1	u	2	u	2	u	3	·	·	·	u	n−1	ú	ê	2	ú	2	2	V	=	Van(u	1	,	.	(v)	Every	nonsingular	matrix	over	a	field	is	a
product	of	elementary	matrices.	Therefore,	(x,	k)K	∗	=	(x,	1)K	∗	=	g(x),	and	so	g	is	surjective.	It	follows	that	the	only	monic	common	divisor	is	1,	and	so	x	and	y	are	relatively	prime.	But	this	says	that	every	element	in	k	has	a	pth	root.	But	(5	+	10q)2	=	25	+	2	·	5	·	q	+	100q	2	≡	25	mod	100,	and	so	the	last	two	digits	of	b2	are	25,	not	35.	1.81	What	is	the
remainder	after	dividing	10100	by	7?	It	is	easy	to	check	that	ϕ	:	k[x]	→	k[x]/(	f	(x))	×	k[x]/(g(x)),	given	by	a		→	([a]	f	,	[a]g	),	is	a	ring	homomorphism.	(iv)	Prove	that	each	matrix	in	G	has	a	unique	expression	of	the	form	B	i	A	j	,	where	i	=	0,	1	and	0	≤	j	<	n.	(ii)	Given	an	integer	a	with	decimal	digits	dk	dk−1	.	Prove	that	G∼	=	H.	By	Cauchy’s	theorem,	G
has	an	element	of	order	p,	and	the	(cyclic)	subgroup	H	it	generates	has	order	p	and	index	m.	Prove	that	if	there	is	x	∈	G	with	x	d	=	a,	then	the	order	of	x	is	d	2	k.	(i)	Show	that	f	is	a	permutation.	First,	show	that	Q	is	closed	under	multiplication	in	the	same	way	as	D2n	was	shown	to	be	closed	in	the	previous	exercise.	Now	if	x	∈	H	,	we	have	g(x)	=	(x,
1)K	∗	=	{(x,	1)(1,	k)	:	k	∈	K	}	=	{(x,	k)	:	k	∈	K	}.	(ii)	Show	that	every	element	a	∈	Fq	has	a	pth	root,	i.e.,	there	is	b	∈	Fq	with	a	=	b	p	.	Find	the	smallest	k	for	which	f	k	is	not	a	prime.	4.32	True	or	false	with	reasons.	Compute	the	area	R	of	the	rectangle	in	two	ways.	(ii)	If	f	(x)	=	p(x)q(x)	∈	k[x]	and	if	A	is	an	n	×	n	matrix	over	k,	prove	that	f	(A)	=	p(A)q(A).
If	f	(x)	=	ax	2	p	+	bx	p	+	c	∈	F	p	[x],	then	f	(x)	=	2	pax	2	p−1	+	pbx	p−1	=	0.	,	xn	)	=		1	n	2	(x	1	1	n	2	(x	1	+	x2k	)	+	x1	x2k	)	if	n	=	2k	if	n	=	2k	+	1.	(ii)	Prove	that	the	irreducible	polynomial	p(x)	∈	F	p	[x]	of	α	has	degree	n.	This	congruence	does	have	solutions.	,	f	(xm	)	in	Y	,	and	so	m	≤	n;	using	the	bijection	f	−1	in	place	of	f	gives	the	reverse	inequality
n	≤	m.	(iii)	The	least	common	multiple	[23	·	32	·	5	·	72	,	33	·	5	·	13]	=	23	·	35	·	52	·	72	·	13/45.	1.74	Let	a	and	b	be	in	Z.	(i)	If	I	is	a	proper	ideal	in	a	commutative	ring	R	and	π	:	R	→	R/I	is	the	natural	map,	then	ker	π	=	I	.	5.17	If	z	∈	C	is	a	constructible	number,	prove	that	Q(i,	z)/Q	is	a	radical	extension.	Let	τ	=	(1	2),	and	define	f	:	An	→	On	,	where	An	is
the	set	of	all	even	permutations	in	Sn	and	On	is	the	set	of	all	odd	permutations,	by	f	:	α		→	τ	α.	(ii)	Prove	that	ψ	:	Aff(1,	R)	→	A,	defined	by	f		→	A,	is	an	isomorphism,	where	f	(x)	=	ax	+	b	[see	Example	2.48(iv)].	Next,	we	show	that	if	c	is	a	common	multiple,	then	ab/d	divides	c.	In	particular,	all	the	roots	are	real.	All	the	other	axioms	of	a	commutative	ring
hold	in	F4	because	they	hold	in	the	full	matrix	ring(for	the	cogniscenti,	every	subring	of	a	(not	necessarily	commutative)	ring	is	a	ring).	cos	kθ	Solution.	2.120	Prove	that	S4	/V	∼	=	S3	.	For	the	inductive	step,	let			cos	θ	−	sin	θ	A=	.	.,	prove,	for	all	n	≥	1,	that	Fn+1	and	Fn	are	relatively	prime.	(See	Exercise	2.113.)	Solution.	(ii)	f	(x)	=	350x	3	−	25x	2	+
34x	+	1.	(ii)	Show	that	the	prime	field	of	R	is	Q.	But	isomorphic	groups	have	the	same	order,	and	so	|(2,	F)|	=	q(q	−	1).	Prove	that	A∞	is	an	infinite	simple	group.	We	now	show	that	H	∗		(H	×	K	).	If	B		A	and	B	≤	ker	ϕ,	prove	that	the	induced	map	ϕ	∗	:	A/B	→	H	,	given	by	a	B		→	ϕ(a),	is	a	well-defined	homomorphism	with	im	ϕ	∗	=	im	ϕ.	If	f	(x)	factors	in
Q[x],	then	f	(x)	=	(x	−	a)(x	−	b)	for	a,	b	∈	Q.	j=1	We	now	use	induction	to	prove	that	the	guess	is	always	true.	21	1.45	(i)	Solution.	The	proof	is	by	induction	on	n	≥	1,	but	we	merely	describe	the	inductive	step	from	n	=	3	to	n	=	4.	By	Corollary	1.19,	if	f	(x)	=	(1	+	x)n	,	then	there	is	the	expansion	n		n		n		n		x2	+	·	·	·	+	x+	+	xn.	Second,	no	smaller	number
n	has	this	property.	4.19	If	U	and	W	are	subspaces	of	a	vector	space	V	,	define	U	+	W	=	{u	+	w	:	u	∈	U	and	w	∈	W	}.	But	|z|	=	a	2	+	b2	,	where	a,	b	∈	Z.	Only	odd	powers	of	i	are	imaginary,	so	that,	if	r	=	2k	+	1,			n		(−1)k	sin2k+1	x	cos2(m−k)	x.	The	argument	is	analogous	to	that	in	part	(i).	(vi)	Every	field	of	characteristic	0	is	infinite.	Since	G	is
abelian,	every	subgroup	is	normal,	and	so	the	second	isomorphism	theorem	applies.	(i)	If	(	,	)	is	the	hermitian	form	on	Cn	,	prove	that	there	exists	a	linear	transformation	T	#	:	Cn	→	Cn	with	(T	u,	v)	=	(u,	T	#	v)	for	all	u,	v	∈	Cn	.	Thus,	k	=	bk		and	so	n	=	ak	=	abk		.	It	is	now	straightforward	to	check	that	this	last	expression	is	equal	to	1	5	(n	+	1)5	+	12
(n	+	1)4	+	13	(n	+	1)3	−	1	30	(n	+	1).	If	2	has	a	square	root,	then	there	is	an	integer	a	with	a	2	=	±2	in	F	p	.	Prove	that	B	is	a	transitive	GL(V	)-set.	S4	/V	is	a	group	of	order	24/4=6,	hence	Proposition	2.135	shows	that	it	is	isomorphic	to	either	S3	or	I6	.	Expanding	and	equating	coefficients	gives	b	+	c	−	a	2	=	−10,	a(c	−	b)	=	0,	bc	=	1.	If	d	is	the
smallest	positive	element	in	I	,	then	the	proof	of	Theorem	1.35	can	be	modified	to	show	that	d	is	the	gcd.	2.127	(i)	For	all	n	≥	3,	prove	that	every	α	∈	An	is	a	product	of	3-cycles.	How	could	the	great	detective	have	been	so	certain?	2.112	Let	p	be	an	odd	prime,	and	assume	that	ai	≡	i	mod	p	for	1	≤	i	≤	p	−	1.	First,	f	(x)	has	no	rational	roots,	by	Theorem
3.90	(the	only	candidates	are	±1),	and	so	we	must	show	it	is	not	a	product	of	two	(irreducible)	quadratics.	By	Lagrange’s	theorem,	|H	|	|	|Sm	|;	that	is,	79	p	|	m!.	1.95	Solve	the	linear	system	x	≡	12	mod	25	x	≡	2	mod	30.	,	xn	)	=	14	(x1n	n	+	2x4	and	PG	(q,	.	(i)	3	is	an	algebraic	integer.	,	en	.	Show	that	the	number	of	chessboards	is		2		n	(n	2	+1)/2	(n	2
+3)/4	1	q	,	+	q	+	2q	4	where	x	is	the	greatest	integer	in	the	number	x.	Therefore,	j	2	=	16	(for	j	2	=	y	+	10)	and	j	=	4.		(i)	Prove	that	if	f	(x)	=	i	ai	x	i	∈	k[x],	then	f		(x)	=	0	if	and	only	if	the	only	nonzero	coefficients	are	those	ai	with	p	|	i.	Since	R	is	a	domain,	1	=	r	s	and	r	is	a	unit.	Prove	that	if	|G|	is	odd,	then	every	x	∈	G	has	a	square	root.	If	Y	=	{y1	,	.	If
f	is	a	bijection,	there	are	m	distinct	elements	f	(x1	),	.	Define	ϕ	:	H	→	H	∗	by	ϕ(h)	=	Finally,	we	show	that	H	=	(h,	1).	63	Solution.	If	these	cycles	are	not	disjoint,	then	each	fixes	all	the	symbols	outside	of	{1,	2,	3,	i,	j]},	say,	and	the	two	3-cycles	lie	in	A∗	,	the	group	of	all	even	permutations	on	these	5	symbols.	3.24	If	R	is	a	commutative	ring,	define	a
relation	≡	on	R	by	a	≡	b	if	there	is	a	unit	u	∈	R	with	b	=	ua.	For	the	inductive	step,	assume	that	X	has	n	+	1	elements,	of	which	one	is	colored	red,	the	other	n	being	blue.	We	have	already	proved	this	when	a	>	0	and	b	≥	0.	As	G	m	∩	G	n	)	=	{0},	we	have	G	m	∼	=	(G	m	+	G	n	)/G	n	,	so	that	|G	m	+	G	n	|	=	|G	M	||G	N	|	=	mn	=	|G|.	U	∩	U	=	U	.	Thanks	to
the	internet,	learning	English	has	never	been	easier.	If	C	=	{[a,	a]	∈	F	2	},	then	C	corrects	up	to	1	error.	It	must	contain	1.	4.67	Prove	that	d	≥	3,	where	d	is	the	minimum	distance	of	the	two-dimensional	parity	code	in	Example	4.105(iii).	Hence,	√	√	4	4	8	+	15i	=	17(cos	15.5◦	+	i	sin	15.5◦	)	≈	1.964	+	542i.	(ii)	Find	two	different	ways	of	grouping	the
factors	of	65	in	part	(i)	as	a	product	αα	of	two	conjugate	factors.	From	De	Moivre’s	theorem,	cos	nx	+	i	sin	nx	=	(cos	x	+	i	sin	x)n	,	we	have	sin	nx	=	Im	(cos	x	+	i	sin	x)n	n					n	r	r	i	sin	x	cosn−r	x	.	If	h(x)	=	0,	then				(	f	g)	=	ak	x	k	bn	x	n			=	ak	bn	x	n+k		=	(n	+	k)ak	bn	x	n+k−1			=	kak	bn	x	n+k−1	+	nak	bn	x	n+k−1			=	kak	x	k−1	bn	x	n	+	ak	x	k	nbn	x
n−1	=	(ak	x	k	)	g(x)	+	ak	x	k	g		.	Prove	that	det	:	GL(2,	k)	→	k	×	is	a	surjective	group	homomorphism	whose	kernel	is	SL(2,	k).	This	gives	n	+	1	elements	in	X	,	a	contradiction.	x	≡	12	mod	10.	(ii)	There	is	a	sequence	of	13	consecutive	natural	numbers	containing	exactly	2	primes.	4.51	If	A	=	[ai	j	]	is	an	n	×	n	triangular	matrix,	prove	that	det(A)	=	a11
a22	·	·	·	ann	.	None	of	the	first	three	groups	can	be	isomorphic	to	any	of	the	last	two	because	the	first	three	are	abelian	while	D8	and	Q	are	not	abelian.	Hence,	b	≡	±1	mod	p,	by	Lemma	3.82	and	Exercise	3.100.	If	B	is	a	basis	of	U	and	C	is	a	basis	of	W	,	then	B	∪	C	is	a	basis	of	U	⊕	V	.	(vii)	Every	irreducible	polynomial	in	Z[x]	is	primitive.	,	εn	be
complex	numbers	with	|ε	j	|	=	1	for	all	j,	where	n	≥	2.	We	conclude	that	there	are	n(n	−	1)	·	·	·	(n	−	r	+	1)	such	notations.	79	<	81	=	9,	and	79	is	not	divisible	by	2,	3,	5,	or	7.	The	courses	are	taught	by	real	UCI	professors,	which	makes	the	quality	of	instruction	outstanding.	We	are	told	that	f	◦	g	=	1Y	and	g	◦	f	=	1	X	.	It	suffices	to	prove	that	any
common	divisor	of	a,	b,	c	is	a	common	divisor	of	a	and	(b,	c),	and	conversely.	We	use	Proposition	2.32.	(i)	If	P	=	(a,	b)	is	a	point	in	the	plane	with	a	=	b,	prove	that	is	the	perpendicular	bisector	of	the	segment	P	P		having	endpoints	P	=	(a,	b)	and	P		=	(b,	a).	If	f	(x)	=	(1	+	x)n	,	then	f	(−1)	=	(1	−	1)n	=	0;	but	the	expansion	is	the	alternating	sum	of	the
binomial	coefficients.	1.76	(i)	Give	another	proof	of	Proposition	1.56,	[a,	b](a,	b)	=	|ab|,	without	using	the	Fundamental	Theorem	of	Arithmetic.	The	proof	of	Corollary	1.40	generalizes	easily.	5.19	Prove	that	F3	[x]/(x	3	−	x	2	−	1)	∼	=	F3	[x]/(x	3	−	x	2	+	x	−	1).	The	6	elements	in	U	(I9	)	are	1,	2,	4,	5,7,	8,	and	they	form	a	cyclic	group	with	2	as	a
generator.	On	the	one	hand,	R	=	n(n	+	1).	∼	H	∗	.	Since	12	=	ra,	we	have	144	=	4r	+	4,	r2	and	this	simplifies	to	r	3	+	r	2	−	36	=	0.	The	inductive	proof	is	routine.	2	5.4	Find	the	roots	of	x	4	−	15x	√	−	20x	−	6.	2.25	(i)	If	α	is	an	r	-cycle,	show	that	αr	=	(1).	(iii)	If	p	is	a	prime,	prove	that	every	power	of	a	p-cycle	is	either	a	p-cycle	or	(1).	116	The	middle
equation	gives	a(c	−	b)	=	0,	so	that	either	a	=	0	or	b	=	c.	.,	n	−	(r	−	1)	=	n	−	r	+	1	choices	for	ir	.	(ix)	The	content	of	3x	+	Solution.	Let	e	be	a	basis	of	V	,	let	{0}	=	S	⊆	V	,	and	let	s	=	0	lie	in	S.	,	ω−n+1	).	Consider	a	3	+	b3	if	b	is	negative:	728	=	123	+	(−103	)	=	93	+	(−1)3	.	Since	det(U	V	)	=	det(U	)	det(V	),	it	follows	that	1	=	det(E)	=	det(B	B	−1	)	=
det(B)	det(B	−1	).	sin	α	cos	α	In	Example	2.48(iii),	the	product	of	two	special	orthogonal	matrices	is	computed,	and	this	shows	that	the	function	ϕ	is	a	homomorphism.	If	10q	+	r	≡	0	mod	7,	then	15q	+	5r	≡	0	mod	7,	and	so	q	−	2r	≡	0	mod	7.	Choose	f	to	be	any	nonconstant	function	all	of	whose	values	are	0	or	1.	Since	(	f,	f		)	=	1,	there	are	polynomials
s,	t	∈	k[x]	with	s	f	+	t	f		=	1.	2.19	Let	X	=	{rock,	paper,	scissors}.	(iii)	S(m,	n)	⇒	S(m,	n	+	1):	does	(m	+	1)n	>	mn	imply	(m	+	1)n+1	>	m(n	+	1)?	For	the	inductive	step,	we	must	prove	n+1		S(n	+	1)	:	1	+	j!	j	=	(n	+	2)!.	Decode	the	word	y	=	[ζ	3	,	ζ,	1,	ζ	3	+	ζ,	0,	ζ	3	,	ζ	3	]	assuming	that	it	has	an	error	vector	of	weight	2.	Since	we	cannot	use	centralizers
and	conjugates,	there	is	no	choice	but	to	look	at	the	list	of	24	elements	of	S4	,	checking	which	commute	with	(1	2)(3	4).	A	quadratic	is	irreducible	if	and	only	if	it	has	no	rational	roots.	Let	n	≥	1	be	the	smallest	integer	for	which	Fn+1	and	Fn	have	gcd	d	>	1.	(ii)	Prove	that	F4	is	a	field	having	exactly	4	elements.	Prove	the	following	statements	without
using	the	equivalence	relation	on	G	defined	by	a	≡	b	if	b−1	a	∈	H	.	118	3.92	True	or	false	with	reasons.	We	claim	that	(a)	=	(b).	Here	are	three	vectors	in	H	:	p	=	(β,	−α,	0);	q	=	(0,	γ	,	−β);	r	=	(γ	,	0,	−α).	Let	C	be	an	[n,	m]	linear	code	over	a	finite	field	F,	and	let	G	be	a	generating	matrix	of	C.	90	3.23	(i)	Show	that	F	=	{a	+	bi	:	a,	b	∈	Q}	is	a	field.
Hence,	ab	=	µ((a,	b)	=	µ((b,	1))((1,	a))	=	µ((b,	1))µ((1,	a))	=	ba.	5.24	Let	E/k	be	a	splitting	field	of	a	polynomial	f	(x)	∈	k[x].	If	E	p	·	·	·	E	1	A	=	I	,	then	A−1	=	E	1−1	·	·	·	E	−1	p	.	Hence,	αr	(i	0	)	=	i	0	.	Since	1	∈	R[x]	and	R[x]	is	closed	under	the	operations,	it	is	a	subring.	(iii)	Use	Exercise	5.27	to	prove	that	Gal(E	∗	/k)	is	solvable.	(viii)	If	X	is	a	finite	subset
of	G,	then	#X	$	is	a	finite	subgroup.	2.30	(i)	Prove	that	if	α	and	β	are	(not	necessarily	disjoint)	permutations	that	commute,	then	(αβ)k	=	α	k	β	k	for	all	k	≥	1.	(xi)	Every	proper	subgroup	of	S4	is	cyclic.	By	Lagrange’s	theorem,	|H	∩	K	|	is	a	divisor	of	|H	|	and	a	divisor	of	|K	|;	that	is,	|H	∩	K	|	is	a	common	divisor	of	|H	|	and	|K	|.	(vi)	Every	quotient	group	of
an	abelian	group	is	abelian.	It	is	routine	to	check	that	ϕ	is	a	homomorphism,	and	it	is	clearly	surjective.	Prove	that	if	E	and	E		are	splitting	fields	of	f	(x)	over	k,	then	Gal(E/k)	∼	=	Gal(E		/k).	Choose	τ	∈	I	of	smallest	order,	say,	τ	=	am	x	m	+	am+1	x	m+1	+	·	·	·	=	x	m	v,	where	v	=	am	+	am+1	x	+	·	·	·	;	note	that	v	is	a	unit	in	k[[x]],	by	Exercise	3.40.	Now	x
dk	=	a	k	=	1	because	k	<	dk.	(ii)	Find	the	roots	using	the	trigonometric	formula.	The	triangle	inequality	gives	|u	+	v|	≤	|u|	+	|v|	for	all	complex	numbers	u	and	v,	with	no	restriction	on	their	norms.	3.33	Show	that	if	f	(x)	=	x	p	−	x	∈	F	p	[x],	then	its	polynomial	function	f		:	F	p	→	F	p	is	identically	zero.	Now	(A10	)	=	{1}	because	A10	is	not	abelian.	By
Corollary	2.131,	φ(h)	=	φ(	p1e1	)	·	·	·	φ(	ptet	)	=	p1e1	(1	−	1/	p1	)	·	·	·	ptet	(1	−	1/	pt	)	=	h(1	−	1/	p1	)(1	−	1/	p2	)	·	·	·	(1	−	1/	pt	).	(iii)	Let	D	be	a	collection	of	10	different	dogs,	and	let	C	be	a	collection	of	10	different	cats.	These	are	factorials;	better,	they	are	2!,	3!,	4!,	5!,	6!.	If	m	=	a	2	and	a	=	p1e1	·	·	·	pnen	,	then	m	=	p12e1	·	·	·	pn2en	.	(ii)	For	all
rationals	a,	b,	prove	δ	p	(a,	b)	≥	0	and	δ	p	(a,	b)	=	0	if	and	only	if	a	=	b.	Then	g	f	=	s	f	(b	−	b)	=	(1	−	t	f		)(b	−	b)	=	(b	−	b)	−	t	(b	−	b)	f		∈	(	f		).	We	use	the	second	form	of	induction.	Assume	e	≤	f	,	so	that	−	f	≤	−e	and	a	p	=	max{a	p	,	b	p	}.	Finally,	we	show	that	g	is	a	surjection.	f	(0)	=	c0	,	for	all	the	other	terms	are	0.	We	now	use	De	Moivre’s	theorem
to	take	the	cube	root	of	these	complex	numbers:	g	≈	3	+	2.8i	and	h	≈	3	−	2.8i,	so	that	y	=	g	+	h	=	6	is	a	root	of	F(y)	(alternatively,	one	could	have	checked	for	integer	roots	of	F(y)	using	Corollary	3.91).	On	the	other	hand,	for	every	element	M	=	±I	,	there	is	N	∈	Q	with	M	N	=	N	M.	,	10?	Now	f	is	surjective,	for	if	h	∈	H	,	then	h	=	f	((h,	1)),	and	ker	f	=
{(h,	k)	∈	H	×	K	:	f	((h,	k))	=	1}	=	{(1,	k)	∈	H	×	K	:	k	∈	K	}	=	K	∗.	If	i	=	{αvi	+	u	i	:	α	∈	R},	for	i	=	1,	2,	prove	that	m	1	m	2	=	−1	if	and	only	if	the	dot	product	v1	·	v2	=	0.	(ii)	Prove	that	a	field	K	cannot	have	subfields	k		and	k		with	k		∼	=	Fp	∼	Fq	,	where	p	=	q.	Prove	that	there	is	some	nonzero	f	(x)	∈	k[x]	with	f	(A)	=	0.	24	1.55	(i)	Find	d	=	gcd(12327,
2409),	find	integers	s	and	t	with	d	=	12327s+	2409t,	and	put	the	fraction	2409/12327	in	lowest	terms.	Hence,	8+15i	≈	17(cos	62◦	+i	sin	62◦	),	and	so	√	8	+	15i	≈	17(cos	31◦	+i	sin	31◦	)	≈	3.533+2.123i.	It	follows	from	Proposition	2.142	that	a	group	G	is	a	disjoint	union	of	its	conjugacy	classes.	We	claim	that	x	5	and	x	6	have	no	gcd:	their	only	monic
divisors	are	1,	x	2	,	and	x	3	,	none	of	which	is	divisible	in	R	by	the	other	two.	4.33	Let	k	be	a	field,	let	V	=	k[x],	the	polynomial	ring	viewed	as	a	vector	space	over	k,	and	let	Vn	=	#1,	x,	x	2	,	.	2.34	If	n	≥	3,	show	that	if	α	∈	Sn	commutes	with	every	β	∈	Sn	,	then	α	=	(1).	(iii)	Prove	that	(2,	F3	)	∼	=	S3	.	(i)	Prove	that	β	∈	#α1	,	.	(ix)	There	is	an	inner	product
on	R2	with	(v,	v)	=	0	for	some	nonzero	v	∈	R2	.	3.73	Let	k	be	a	field,	and	let	polynomials	a1	(x),	a2	(x),	.	Show	that	every	line	through	u	is	a	coset	of	a	one-dimensional	subspace	of	R3	.	Since	|#α$|	=	5	and	#α$	≤	C	S5	(α),	we	have	#α$	=	C	S5	(α).	Therefore,	ab/d	=	[a,	b],	and	so	[a,	b](a,	b)	=	ab.	Any	bijection	is	surjective,	and	so	it	remains	to	show	that
if	f	is	surjective,	then	it	is	injective.	Therefore,	|	Gal(Q(	b2	−	4ac)|	≥	2.	(Of	course,	(6,	10)	=	1.)	(vi)	6x	+	3	≡	1	mod	10.	Hence,	if	σ	=	1	+	x	+	x	2	+	·	·	·	,	then	σ	=	1	+	xσ.	,	at	H	be	a	list	of	all	the	distinct	cosets	of	H	in	G.	Clearly	I	∈	F4	,	and	it	is	easy	to	check	that	F4	is	closed	under	matrix	addition:							a	b	c	d	a+c	b+d	+	=	.	(viii)	[Q(E	2πi/5	)	:	Q]	=	5.
2.14	Let	f	:	X	→	Y	and	g	:	Y	→	Z	be	functions.	On	the	other	hand,	we	know	that	√	2	to	a	subgroup	of	S2	∼	Gal(Q(	b	−	4ac)	is	isomorphic	=	F2	,	by	The√	2	orem	5.21,	and	so	|	Gal(Q(	b	−	4ac)|	=	2.	We	adapt	the	proof	of	Theorem	2.131.	Prove,	for	all	integers	n	≥	2,	that	the	derivative	n			f	(x)	=	g1	(x)	·	·	·	gi−1	(x)gi	(x)gi+1	(x)	·	·	·	gn	(x).	(vii)	If	g	∈	G,	where
G	is	a	finite	group,	then	the	number	of	conjugates	of	g	is	a	divisor	of	|G|.	Let	k	be	a	field,	and	let	R	be	the	subring	of	k[x]	consisting	of	all	polynomials	having	no	linear	term;	that	is,	f	(x)	∈	R	if	and	only	if	f	(x)	=	s0	+	s2	x	2	+	s3	x	3	+	·	·	·	.	However,	r	such	notations	describe	the	same	cycle:	(i	1	i	2	.	But	2	=	[G	:	H	]	=	[G	:	C	H	][C	H	:	H	]	implies	[C	H	:	H	]
=	1	or	[C	H	:	H	]	=	2,	and	this	gives	the	result.	If	|H	|	=	p	h	and	|G/H	|	=	pm	,	then	|G|	=	|G/H	||H	|	=	p	h+m	.	We	seek	the	number	of	solutions	to	3	≡	1	+	j	(m)	+	1	mod	7;	that	is,	j	(m)	≡	1	mod	7.	54	2.54	(i)	Define	the	special	linear	group	by	SL(2,	R)	=	{A	∈	GL(2,	R)	:	det(A)	=	1}.	Base	step:	When	n	=	1,	both	sides	equal	1.	But	nr	is	the	number	of	r	-
subsets,	as	we	have	seen	in	the	text,	and	so	the	total	number	of	subsets	is	the	sum	of	all	the	binomial	coefficients,	which	is	2n	,	by	Exercise	1.31.	The	hint	is	essentially	the	solution.	4.28	If	A	is	an	n	×	n	nonsingular	matrix,	prove	that	any	system	Ax	=	b	has	a	unique	solution,	namely,	x	=	A−1	b.	If	we	define	K	=	#a	3	$,	then	|K	|	=	2	and	K		D12	:	it
suffices	to	prove	that	aa	3	a	−1	∈	K	(which	is,	of	course,	obvious)	and	ba	3	b	∈	K	;	but	ba	3	b	=	a	−3	=	a	3	∈	K	.	(i)	If	α	is	a	generator	of	Fq×	,	prove	that	Fq	=	F	p	(α).	At	the	week’s	end,	5	such	numbers	are	drawn	at	random,	and	you	win	the	jackpot	if	all	your	numbers	match	the	drawn	numbers.	If	u	is	a	unit,	then	there	is	v	=	b0	+	b1	x	+	b2	x	2	+	·	·	·
with	uv	=	1.	2.29	(i)	Prove	that	α	is	regular	if	and	only	if	α	is	a	power	of	an	n-cycle.	This	is	one	of	the	beginning	set	theory	exercises	that	is	so	easy	it	is	difficult;	the	difficulty	is	that	the	whole	proof	turns	on	the	meaning	of	the	words	“and”	and	“not.”	For	example,	let	us	prove	that	A	−	B	⊆	A	∩	B		.	(In	more	advanced	courses,	one	proves	that	both
groups	are	free	abelian	groups	of	countably	infinite	rank.)	2.79	Show	that	if	H	is	a	subgroup	with	bH	=	H	b	=	{hb	:	h	∈	H	}	for	every	b	∈	G,	then	H	must	be	a	normal	subgroup.	00	1	Solution.	2.95	True	or	false	with	reasons.	Now	x	d	=	(y	t	)d	=	t	td	=	y	m	=	1,	and	so	the	order	k	of	x	is	a	divisor	of	d,	by	Lemma	2.53.	4.12	(i)	Prove	that	the	subset	K	of
Matn	(k),	consisting	of	all	the	skew	symmetric	matrices,	is	a	subspace	of	Matn	(k).	In	the	proof	of	Proposition	2.35,	we	showed	that	any	r	-cycle	α	is	a	product	of	r	−	1	transpositions.	Therefore,	Q	is	the	splitting	field	of	f	(x)	and	so	the	Galois	group	has	order	1.	We	have	1	+	x	+	x	2	+	·	·	·	=	1	+	x(1	+	x	+	x	2	+	·	·	·	).	On	the	one	hand,	f		(x)	=	n(1	+	x)n−1
.	Now	f		(x)	=	(h(x)gn+1	(x))		=	h		(x)gn+1	(x)	+	h(x)gn+1	(x)					n		gi	(x)h(x)	f	(x)	=	1i=1	=	gn+1	(x)	+	g	gi	(x)	gn+1	(x)	n	=	n+1	g		(x)	f	(x)		j	j=1	g	j	(x)	.	We	conclude	that	d(x,	y)	is	a	nonzero	constant.	1.57	If	d	=	(a,	b),	prove	that	a/d	and	b/d	are	relatively	prime.	Prove	that	G	is	generated	by	T	∪	{gx	:	x	∈	X	}.	,	cn	)	lie	in	C.	If	X	has	just	one	element,	then
there	are	two	subsets:	∅	and	X	.	If	the	ideal	(x,	y)	in	k[x,	y]	is	a	principal	ideal,	then	there	is	d	=	d(x,	y)	that	generates	it.	Assume	that	dim(V	)	=	1	(the	result	is	obvious	if	dim(V	)	=	0).	The	inductive	hypothesis	is	2n	>	n	3	;	multiplying	both	sides	by	2	gives	2n+1	=	2	−	2n	>	2n	3	=	n3	+	n3	≥	n	3	+	4n	2	=	n	3	+	3n	2	+	n	2	>	n	3	+	3n	2	+	4n	=	n	3	+	3n	2
+	3n	+	n	≥	n	3	+	3n	2	+	3n	+	1	=	(n	+	1)3	.	(v)	If	f	:	X	→	Y	and	j	:	im	f	→	Y	is	the	inclusion,	then	there	is	a	surjection	g	:	X	→	im	f	with	f	=	j	◦	g.	(ii)	Define	Vn	=	#1,	x,	x	2	,	.	He	divides	the	coconuts	into	five	equal	shares,	with	one	coconut	left	over.	124	Exercises	for	Chapter	4	4.1	True	or	false	with	reasons.	On	the	one	hand,	A	=	(n	+	1)2	.	(vi)	Every
primitive	polynomial	in	Z[x]	is	irreducible.	,	qn	(x)	are	monic	nonconstant	polynomials,	then	q1	(x),	.	5	(ii)	Prove	that	Ramanujan’s	statement	is	false.	As	n	≡	0,	1,	2,	or	3	mod	4,	we	have	n	2	≡	0	or	1	mod	4.	(iv)	Prove	that	im	γ		Aut(G).	If	f	is	an	isomorphism,	then	f	−1	(x)	=	a	if	and	only	if	x	=	f	(a).	1.56	Let	a	and	b	be	integers,	and	let	sa	+	tb	=	1	for	s,	t
in	Z.	2.56	Let	G	be	a	finite	group	with	subgroups	H	and	K	.	It	is	now	a	matter	of	checking	all	pairs	a	3	+	b3	for	such	a	and	b.	Since	ord(σ	)	≥	0	for	all	(nonzero)	σ	∈	k[[x]],	it	follows	that	ord(u)	=	0	=	ord(v).	4.66	Let	A	be	an	alphabet	with	|A|	=	q	≥	2,	let	T	:	An	→	An	be	a	transmission	function,	and	let	the	probability	of	error	in	each	letter	of	a	transmitted
word	be	p,	where	0	<	p	<	1.	1.38	(i)	What	is	the	coefficient	of	x	16	in	(1	+	x)20	?	Prove	that	ci	=	(w,	vi	).	(ii)	If	U	and	W	are	finite	dimensional	vector	spaces	over	a	field	k,	prove	that	dim(U	⊕	W	)	=	dim(U	)	+	dim(W	).	The	base	step	n	=	1	says	1	+	x	≥	1	+	x,	which	is	obviously	true.	It	follows	that	a	=	3b	=	3k+1	c,	which	is	a	factorization	of	the	desired
kind.	(i)	If	a	finite	group	G	acts	on	a	set	X	,	then	X	must	be	finite.	Next,	if	M=			a	b	,	c	d	then	a	+	c	=	1	and	b	+	d	=	1.	If	a	=	±1	is	a	squarefree	integer,	show	that	x	n	−	a	is	irreducible	in	Q[x]	for	every	n	≥	1.	On	the	other	hand,	in	k		,	we	have	p	·	1	=	0.	But	αβ	=	(1)	implies	α	−1	=	β,	so	that	there	can	be	no	i	moved	by	β.	(v)	6x	+	3	≡	4	mod	10.	,	u	n	)	=	ê
ú.	,	x	n	is	a	basis	of	Vn	.	(i)	Prove	that	n	n			ε	j	=	n.	39	2.2	If	A	and	B	are	subsets	of	a	set	X	,	prove	that	A	−	B	=	A	∩	B		,	where	B		=	X	−	B	is	the	complement	of	B.	(ii)	Prove	that	if	all	xi	=	1,	then	Dn	=	Fn+1	,	the	nth	Fibonacci	number.	(iii)	If	a	is	an	integer,	then	a	6	≡	a	mod	6.	(ii)	Prove	that	the	conjugacy	classes	in	A5	have	sizes	1,	12,	12,	15,	and	20.
Let	f	(x)	=	ri	xi	.	We	count	the	number	of	conjugates	of	the	various	types	of	permutations	(each	count	uses	Exercise	2.24:	(1	2)	has	6	conjugates;	(1	2	3)	has	8	conjugates;	(1	2	3	4)	has	6	conjugates;	(1	2)(3	4)	has	3	conjugates.	94	(iii)	We	prove	that	(	f	g)	=	f	g		+	f		g	by	induction	on	deg(	f	)	(of	course,	the	equation	holds	when	f	=	0).	In	the	second	case,	a
=	{a		,	b	}	=	{{a,	b}b	}.	Let	A	be	an	n	×	n	matrix	over	a	field	k.	Since	G	is	not	abelian,	a	∈	/	Z	(G).	One	sees	this	just	by	using	the	definition	q	of	multiplication	of	polynomials.	B	Ai	A	j	=	B	Ai+	j	∈	Y	≤	G.	If	b	∈	α(ker	β),	then	b	=	α(a),	where	β(a)	=	1.	Prove	that	g	|	h	if	and	only	if	ei	≤	f	i	for	all	i.	x	≡	27	mod	40.	(iii)	If	R	is	a	commutative	ring,	denote	F(R,
R)	by	F(R):	F(R)	=	{all	functions	R	→	R}.	(iii)	Find	d	=	gcd(73122,	7404621)	and	express	d	as	a	linear	combination	of	73122	and	7404621.	Each	of	the	other	inverse	trig	functions	satisfies	equations	analogous	to	sin(arcsin	x)	=	x	and	arcsin(sin	x)	=	x,	which	shows	that	they	are	inverse	functions	as	defined	in	this	section.	If	C	⊆	F	n	is	a	linear	code	and	w
∈	F	n	,	define	r	=	minc∈C	δ(w,	c).	(ix)	Every	n	×	n	matrix	over	R	has	a	real	eigenvalue.	List	the	prime	numbers	p0	=	2,	p1	=	3,	p2	=	5,	.	The	same	analysis	shows	that	c	p+q	=	s	p	tq	,	for	all	the	other	terms	are	0.	Use	the	second	form	of	induction	with	base	steps	n	=	2	and	n	=	3	(verifying	the	inductive	step	will	show	why	we	choose	these	numbers).
Prove	that	if	n	=	6,	then	there	are	16	(2q	+	2q	2	+	q	3	+	q	6	)	roulette	wheels	having	6	sectors.	The	slope	of	is	1,	and	the	slope	of	P	P		is	(b	−	a)/(a	−	b)	=	−1.	,	δn	∈	V	∗	by		0	if	j	=	i	δi	(v	j	)	=	1	if	j	=	i.	Here,	G	is	always	a	group.	The	lines	1	and	2	are	perpendicular	if	and	only	if	v1	and	v2	are	perpendicular	if	and	only	if	v1	·	v2	=	0.	(ii)	Give	an	example	of
a	commutative	ring	R	in	which	subtraction	is	associative.	(i)	Prove	that	if	R	is	a	domain,	then	R[[x]]	is	a	domain.	1.4	Prove	that	if	0	≤	a	≤	b,	then	a	n	≤	bn	for	all	n	≥	0.	76	Solution.	By	part	(i),	a	≡	0	mod	7	if	and	only	if	a		≡	0	mod	7.	Therefore,	gdg	−1	∈	D,	and	so	D		G.	,	dn−1	.	109	Solution.	4.42	If	A	is	an	m	×	n	matrix	and	B	is	an	p	×	m	matrix,	prove
that	rank(B	A)	≤	rank(A).	(vii)	The	vector	space	of	all	3	×	3	symmetric	matrices	over	R	is	isomorphic	to	the	vector	space	consisting	of	0	and	all	f	(x)	∈	R[x]	with	deg(	f	)	≤	5.	(ii)	If	both	f	and	g	are	surjective,	prove	that	g	◦	f	is	surjective.	The	answer	is	”45	choose	5”,	which	is	45	5	=	1,	221,	759.	(ii)	There	is	a	homomorphism	Im	→	Z	defined	by	[a]		→	a.	If
(|G|,	|H	|)	=	1,	then	f	(x)	has	order	k,	where	k	|	|G|;	hence,	(k,	|H	|)	=	1.	However,	W	is	not	a	normal	subgroup	of	S4	,	for	conjugating	(1	2)(3	4)	by	(1	3)	gives	(1	3)(1	2)(3	4)(1	3)	=	(2	3)(1	4)	∈	/	W.	Advanced	embedding	details,	examples,	and	help!	1	Solution	Manual	for	A	First	Course	in	Abstract	Algebra,	with	Applications	Third	Edition	by	Joseph	J.	The
function	g,	defined	by	g(x)	=	13	(x	−	5),	is	the	inverse	of	f	,	and	so	f	is	a	bijection.	∞	n	Solution.	Thus,	when	n	2	≡	0	mod	4,	n	2	/4	PG	(x1	,	.	Observe	that	x	30	−	1	=	(x	6	−	1)5	in	F5	[x].	,	vn	and	Y	=	w1	,	.	Therefore,	θ	=	0	or	θ	=	π,	so	that	ε2	=	±ε1	.	Since	p(x)	is	irreducible,	the	gcd	(	p,	p	)	=	1,	and	so	part	(ii)	applies	to	show	that	p(x)	has	no	repeated
roots.	Assume	that	X	and	Y	have	n	elements.	Hence,	ζ	uk	=	(ζ	k	)u	=	1u	=	1,	and	so	uk	is	in	I	.	(i)	Every	element	of	Z[x]	is	a	product	of	a	constant	in	Z	and	monic	irreducible	polynomials	in	Z[x].	1.90	Solve	the	congruence	x	2	≡	1	mod	21.	1.89	Consider	the	congruence	ax	≡	b	mod	m	when	gcd(a,	m)	=	d.	Since	α	is	surjective,	there	is	a	∈	A	with	b	=	α(a).
Use	the	existence	of	a	field	with	exactly	pn	elements.	Therefore,	x	has	order	d	2	k.	115	(vii)	f	(x)	=	x	4	+	x	2	+	x	+	1.	It	suffices	to	find	a	(multiplicative)	inverse	for	every	a	=	0.	Induction	on	n	≥	1.	(iii)	Find	a	BCH	code	C	over	F2	of	length	15	having	minimum	distance	d(C)	≥	3.	There	are	two	ways	to	describe	its	derivative	f		(x).	Therefore,	H	is	not	a
normal	subgroup	of	S4	.	=	n	n	−	1	.	(vi)	There	is	an	integer	n	with	n	≡	1	mod	100	and	n	≡	4	mod	1000.	..	Write	a	=	2c,	so	that	2b2	=	a	2	=	4c2	.	The	inductive	step	should	consider	the	quotient	group	G/#an+1	$.	Expand	and	then	simplify	4[	12	(eθ	+	e−θ	)]3	−	3[	12	(eθ	+	e−θ	)]	to	obtain	12	(e3θ	+	e−3θ	).	4,	−2	±	3.	2.102	Let	A,	B	and	C	be	groups,
and	let	α,	β	and	γ	be	homomorphisms	with	γ	◦	α	=	β.	2	and	4.	(ii)	Show	that	each	of	arcsin	x	and	arccos	x	is	an	inverse	function	(of	sin	x	and	cos	x,	respectively)	as	defined	in	this	section.	We	rewrite	√	the	proof	of	Proposition	1.14.	An	infinite	group	have	only	finitely	many	cyclic	subgroups.	If	a	=	b,	the	left	side	is	empty,	hence	the	right	side	is	also
empty,	and	so	a	=	b	;	therefore,	b	=	b	.	38	1.102	My	Uncle	Ben	was	born	in	Pogrebishte,	a	village	near	Kiev,	and	he	claimed	that	his	birthday	was	February	29,	1900.	We	claim	that	f	is	a	unit	if	and	only	if	f	(r	)	=	0	for	every	r	∈	R.	(viii)	If	G	and	H	are	cyclic	groups,	then	G	×	H	is	a	cyclic	group.	We	may	suppose	that	D12	=	#a,	b$,	where	a	6	=	1	=	b2
and	bab	=	a	−1	.	Since	each	hole	contains	at	most	one	pigeon,	f	(	p1	)	=	f	(	p2	)	implies	p1	=	p2	,	where	p1	,	p2	are	pigeons.	Assume	that	(a,	b)	=	1	and	n	=	ak	=	b.	The	base	step	n	=	1	is	true,	for	(F2	,	F1	)	=	(1,	1)	=	1.	If	σ	is	a	3-cycle,	then	H	contains	all	3-cycles,	and	so	A4	≤	H	,	by	Exercise	2.127.	(iv)	Every	commutative	ring	is	a	subring	of	some
field.	55	2.60	(i)	Prove	that	the	stochastic	group	(2,	R),	the	set	of	all	nonsingular	2	×	2	matrices	whose	row	sums	are	1,	is	a	subgroup	of	GL(2,	R).	(iii)	If	u	∈	R	is	a	unit,	prove	that	its	inverse	is	unique:	if	ub	=	1	and	uc	=	1,	then	b	=	c.	4	10	9	1	8	2	15	6	12	5	11	3	7	14	13	#	Solution.	If	H	≤	Sn	has	index	2,	then	Proposition	2.97(i)	says	that	α	2	∈	H	for
every	α	∈	Sn	.	r	Solution.	If	A1	,	.	∼	V,	where	Q	is	the	group	of	quaternions	and	(i)	Prove	that	Q/Z	(Q)	=	V	is	the	four-group.	Hence,	there	are	2n	+	2n	=	2n+1	subsets.	n	(iii)	If	nw	∈	R	and	v1	,	.	During	this	course,	you	will	learn	intermediate	topics	in	English,	including	areas	of	grammar	that	tend	to	be	tricky	for	learners.	3	5.3	Find	the	roots	of	f	(x)	√	=
x	−	6x	+	4.	Inductive	Step.	There	are	q,	r	∈	R	with	bi	=	qbi+1	+	r	,	where	either	r	=	0	or	∂(r	)	<	∂(bi+1	).	Let	P	and	Q	be	distinct	points,	let	1	,	2	,	3	be	distinct	lines	passing	through	P,	and	let	m	1	,	m	2	,	m	3	be	distinct	liness	passing	through	Q.	133	%x	(ii)	Prove	that	integration	S	:	V3	→	V4	,	defined	by	S(	f	)	=	0	f	(t)	dt,	is	a	linear	transformation,	and
find	the	matrix	A	=	X	4	[S]	X	of	in3	tegration.	Conclude	that	the	statement	in	part	(i)	may	be	false	for	commutative	rings	that	are	not	domains.	The	proof	is	by	induction	on	n	≥	2,	the	base	case	being	en−1	Exercise	2.109.	f	(x)	=	2	1	0	n	Evaluating	at	x	=	1	gives	the	answer,	for	f	(1)	=	(1	+	1)n	=	2n	.	It	is	plain	that	H	∩	K	=	{1}	and	H	K	=	D12	,	and	so
D12	∼	=H×K	∼	=	S3	×	I2	,	by	Proposition	2.127.	,	δn	is	a	basis	of	V	∗	.	But	every	ideal	in	Z	is	principal,	so	that	J	=	(a).	But	the	same	is	true	if	we	choose	the	notation	for	α	having	any	of	the	other	i	j	as	the	first	entry.	However,	if	α	is	a	3-cycle,	then	it	has	order	3,	and	so	α	=	α	4	=	(α	2	)2	.	(Of	course,	this	is	Taylor’s	formula.)	Solution.	(ii)	Prove	that	if	α,
β	∈	Sn	are	disjoint	and	if	αβ	=	(1),	then	α	=	(1)	and	β	=	(1).	2.39	(i)	How	many	elements	of	order	2	are	there	in	S5	and	in	S6	?	Hence,	n	ε	=	nω,	and	so	j=1	j	|nω	+	εn+1	|	=	n	+	1.	Prove	that	T	is	a	nonsingular	linear	transformation	if	and	only	if	det(	X	[T	]	X	)	=	0.	It	uses	a	game-like	interface	that	rewards	you	with	badges	and	keeps	you	motivated	to
keep	improving.Alison’s	Intermediate	Level	English	–	FreeAlison’s	Intermediate	Level	English	coursework	will	build	on	the	fundamentals	to	get	you	well-versed	in	the	language.	Let	y	∈	G.	Let	us	show	that	◦	is	associative.	5.20	Is	F4	a	subfield	of	F8	?	However,	Duolingo	supports	major	medium	languages	such	as	Spanish,	French,	German,	Italian,
Chinese,	and	Japanese.	Thus,	f		differs	from	f	only	in	its	target.	Since	(r,	m)	=	1,	we	have	ar	+	bm	=	1;	since	(r		,	m)	=	1,	we	have	sr		+	tm	=	1.	Hence,	g	◦	f	is	injective.	None	of	the	elements	of	F7	is	a	root,	so	that	f	(x)	is	irreducible	in	F7	[x]	(because	a	cubic	is	irreducible	if	it	has	no	roots,	by	Proposition	3.65).	If	X	has	n	elements,	then	the	number	of	its
subsets	is	the	sum	of	the	number	of	0-subsets	(there	is	only	1,	the	empty	set),	the	number	of	1	subsets,	the	number	of	2-subsets,	etc.	4.34	If	σ	∈	Sn	and	P	=	Pσ	is	the	corresponding	permutation	matrix,	prove	that	P	−1	=	P	T	.	Here	are	the	equations	of	the	Euclidean	algorithm:	7404621	=	101	·	73122	+	19299	73122	=	3	·	19299	+	15225	19299	=	1	·
15225	+	4074	15225	=	3	·	4074	+	3003	4074	=	1	·	3003	+	1071	3003	=	2	·	1071	+	861	1071	=	1	·	861	+	210	861	=	4	·	210	+	21	210	=	10	·	21.	But	no	sum	of	three	numbers,	with	repetitions	allowed,	taken	from	{0,	1,	4},	adds	up	to	7.	(iii)	Every	group	of	order	6	is	abelian.	Of	the	16	remaining	polynomials,	we	may	discard	those	having	an	even
number	of	nonzero	terms,	for	1	is	a	root	of	these;	and	now	there	are	8.	By	(i),	if	α	and	β	are	disjoint,	then	α	−1	and	β	are	disjoint:	if	β	moves	some	i,	then	α	−1	must	fix	i.	If	z	=	a	+	ib	has	an	inverse,	then	there	is	u	∈	Z[i]	with	zu	=	1.	Prove	that	every	element	in	G	has	a	unique	square	root.	sin	θ	cos	θ	Then	Ak+1	=	A	Ak	,	and	matrix	multiplication	gives
the	desired	result	if	one	uses	the	addition	formulas	for	sine	and	cosine.	If	A	is	skew	symmetric,	then	all	its	diagonal	entries	are	0.	62	It	follows	that	|G|	=	2n,	for	A	has	order	n.	The	set	Gaussian	integers	form	a	subring	of	C,	and	hence	it	is	a	domain.	But	if	p	(x)	=	0,	then	p(x)	=	g(x)	p	for	some	g(x)	∈	k[x],	by	part	(ii),	contradicting	p(x)	being	irreducible.
(iii)	Let	k	be	a	field	of	characteristic	p	>	0.	Let	R	=	Z.	,	js	from	A.	127	Solution.	Therefore,	either	a	=	±1	and	b	=	0,	or	a	=	0	and	b	=	±1.	0	1	2	n	Since	the	sign	of	nr	is	(−1)r	,	the	terms	nr	with	r	even	are	positive	while	those	with	r	odd	are	negative.	√	(xi)	There	is	a	field	containing	C(x)	and	x	+	i.	2.61	Let	G	be	a	finite	group,	and	let	S	and	T	be	(not
necessarily	distinct)	nonempty	subsets.	April	21,	1893,	fell	on	Friday,	and	so	this	date	could	not	have	been	Easter	Sunday.	If	is	an	equilateral	triangle	with	√	perimeter	p	=	2s,	prove	that	area()	=	s	2	/	27.	If	p(x)	is	the	irreducible	polynomial	of	α,	then	p(x)	|	(x	−	α)	p	,	and	so	it	has	repeated	roots.	86	(iii)	Prove	that	the	ring	of	Gaussian	integers	is	a
domain.	,	U	(vn	)	is	an	orthonormal	basis	whenever	v1	,	.	,	wm	are	bases	of	V	and	W	,	respectively,	denote	the	dual	bases	by	X	∗	and	Y	∗	.	(iii)	Find	a	cubic	polynomial	g(x)	∈	Q[x]	whose	Galois	group	has	order	3.	Thus,	α	is	even,	being	the	product	of	four	transpositions.	In	the	first	case,	An	≤	H	,	so	that	An	=	H	because	they	have	the	same	order.	,	n},	let
us	call	a	permutation	τ	of	X	an	adjacency	if	it	is	a	transposition	of	the	form	(i	i	+	1)	for	i	<	n.	(xv)	There	exists	a	field	E	of	characteristic	2	such	that	x	4	+	x	+	1	is	a	product	of	linear	factors	in	E[x].	(i)	There	is	a	solution	to	an	n	×	n	inhomogeneous	system	Ax	=	b	if	A	is	a	triangular	matrix.	It	suffices	to	show	that	R	contains	1	and	is	closed	under	addition
and	multiplication.	Therefore,	no	such	b	exists.	The	candidates	for	x	are	all	r	with	0	≤	r	≤	9,	and	multiplying	each	of	them	by	6	never	gives	1	mod	10.	,	xn	]),	prove	that	D1	=	x1	,	D2	=	x1	x2	+	1,	and,	for	all	n	>	2,	Dn	=	xn	Dn−1	+	Dn−2	.	A−1	=	14	ë	1	−1	3	5	4.31	(i)	Let	Ax	=	b	be	an	m	×	n	linear	system	over	a	field	k.	Suppose	that	B	i	A	j	=	B	k	A	,
where	the	exponents	lie	in	the	proper	ranges.	(ii)	Prove,	for	all	n	≥	1	and	every	prime	p,	that	there	is	an	irreducible	polynomial	of	degree	n	in	F	p	[x].	,	αn	be	the	columns	of	an	m	×	n	matrix	A	over	a	field	k,	and	let	β	∈	km	.	56	(iii)	The	inclusion	Z	→	R	is	a	homomorphism	of	additive	groups.	There	are	two	types	of	subsets	S:	those	that	are	solid	blue;
those	that	contain	the	red.	2,	−1	±	3.	The	case	n	=	3	is	very	easy,	and	n	=	4	has	been	done	in	Exercise	2.89;	therefore,	we	may	assume	that	n	≥	5.	(ii)	A	function	f	:	R	→	R×	is	a	homomorphism	if	and	only	if	f	(x	+	y)	=	f	(x)	+	f	(y)	for	all	x,	y	∈	R.	,	ζ	n−1	are	all	distinct.	Prove	that	if	v	=	a1	e1	+	·	·	·	+	an	en	,	then	ai	=	(v,	ei	)	for	all	i.	Since	a	=	d,	these
entries	are	different,	and	so	AB	=	B	A	in	this	case	as	well.	4.69	(i)	If	A	is	an	alphabet	with	|A|	=	q	and	δ	is	the	Hamming	distance,	prove	that					w	∈	An	:	δ(u,	w)	=	i	=	n	(q	−	1)i	.	(i)	Prove	that	U	+	W	is	a	subspace	of	V	.	The	answer	is	é	ù	1	−3	−1	1	−1û	.	2.111	(i)	If	p	is	a	prime,	prove	that	φ(	p	k	)	=	p	k	(1	−	1p	).	243x	+	17	≡	101	mod	725	gives	243x	≡
84	mod	725.	By	the	first	two	parts,	g	◦	f	is	both	injective	and	surjective	(iv)	If	g	◦	f	is	a	bijection,	prove	that	f	is	an	injection	and	g	is	a	surjection.	,	an	)	is	a	solution	of	the	linear	system	V	x	=	y,	(4)	where	y	=	(y0	,	.	Using	the	hint,	x	4	+	1	=	(x	2	+	b)(x	2	−	b)	in	F	p	[x]	if	a	≡	0	mod	p.	(ii)	Let	G	be	a	group	and	let	T		G.	2.49	2.50	2.51	2.52	Similarly,	the	sum
of	the	entries	in	the	second	column	of	AB	is	1,	and	so	AB	is	stochastic.	One	could	also	have	used	part	(i)	and	Exercise	1.30.	(ii)						(r	f	)	=	r	an	x	n	=	ran	x	n			=	r	nan	x	n−1	=	r	nan	x	n−1	=	r	f		.	Now	Aff(1,	F)	consists	of	all	functions	f	:	x		→	ax	+b,	where	a,	b	∈	F	and	a	=	0,	there	are	q	−	1	choices	for	a	and	q	choices	for	b,	and	so	|	Aff(1,	F)|	=	q(q	−	1).
(iii)	The	set	of	all	positive	real	numbers	is	a	group	under	multiplication.	3.38	(i)	If	f	(x)	=	ax	2	p	+	bx	p	+	c	∈	F	p	[x],	prove	that	f		(x)	=	0.	That	F	fixes	F	p	is	just	a	restatement	of	Fermat’s	theorem.	It	follows	that	d	|	b.	3.12	Prove	that	the	intersection	of	any	family	of	subrings	of	a	commutative	ring	R	is	a	subring	of	R.	1.52	Show	that	every	positive
integer	m	can	be	written	as	a	sum	of	distinct	powers	of	2;	show,	moreover,	that	there	is	only	one	way	in	which	m	can	so	be	written.	2.6	Let	=	{(x,	x)	:	x	∈	R};	thus,	is	the	line	in	the	plane	which	passes	through	the	origin	and	which	makes	an	angle	of	45◦	with	the	x-axis.	Conversely,	assume	that	(a)	=	(b).	Thus,	there	are	pn−1	multiples	of	p,	and	pn	−
pn−1	of	these	numbers	are	prime	to	p.	The	year	y	=	1900	was	not	a	leap	year,	and	g(y)	≡	[19/4]	−	38	≡	−34	≡	1	mod	7.	If	the	statement	of	the	exercise	is	false,	then	each	k	between	1	and	p	−	1	is	congruent	mod	p	to	some	iai	,	and	so			k	=	(	p	−	1)!	≡	iai	mod	p.	We	have	q	=	−6,	r	=	4,	D	=	−16,	and	α	3	=	−2	+	2i.	Input:	a,	b	Output:	d	d	:=	b;	s	:=	a
WHILE	s	>	0	DO	rem	:=	remainder	after	dividing	d	by	s	d	:=	s	s	:=	rem	END	WHILE	Solution.	2.32	If	n	≥	2,	prove	that	the	number	of	even	permutations	in	Sn	is	12	n!.	2.35	Can	the	following	15-puzzle	be	won?	,	vn	.	By	hypothesis,	there	is	an	integer	i	and	an	element	z	∈	Z	(G)	with	g	=	a	i	z.	(ii)	Show	that	2	and	x	are	relatively	prime	in	Z[x],	but	that	1
is	not	a	linear	combination	of	them;	that	is,	there	do	not	exist	s(x),	t	(x)	∈	Z[x]	with	1	=	2s(x)	+	xt	(x).	58	(ii)	Find	two	nonisomorphic	groups	of	order	6.	Since	f	(x)	is	solvable	by	radicals,	there	is	a	radical	tower	k	=	K	0	⊆	·	·	·	⊆	F	with	E	⊆	F;	moreover,	we	were	able	to	assume	that	F/k	a	splitting	field	of	some	polynomial.	,	pn	,	prove	that	φ(h)	=	h(1	−	1	1
1	p1	)(1	−	p2	)	·	·	·	(1	−	pn	).	Prove	that	S	∗	:	W	∗	→	V	∗	,	defined	by	S	∗	:	f		→	f	◦	S,	is	a	linear	transformation.	1	5	is	35	.	For	example,	x	2	is	not	a	divisor	of	x	3	,	for	if	x	3	=	f	(x)x	2	,	then	(in	k[x])	we	have	deg(	f	)	=	1.	Conclude	that	there	are	irreducible	polynomials	in	Q[x]	of	every	degree	n	≥	1.	Prove	that	this	is	a	well-defined	function	that	makes	V	/U
into	a	vector	space	over	k	Solution.	√	(vii)	If	R	=	Q[	2],	then	Frac(R)	=	R.	(ii)	Every	group	of	order	4	is	abelian.	3.2	Prove	that	a	commutative	ring	R	has	a	unique	one	1;	that	is,	if	e	∈	R	satisfies	er	=	r	for	all	r	∈	R,	then	e	=	1.	Thus,	A	has	finite	order	if	α	=	2π/k	for	some	nonzero	integer	k.	Combinatorial.	Conclude	that	rank(A)	is	the	maximum	such	d.	By
Proposition	2.135,	it	is	isomorphic	to	S3	or	I6	;	as	it	is	nonabelian,	(2,	F3	)	∼	=	S3	.	Straightforward	multiplication.	R	is	not	a	subring	of	R,	hence	is	not	a	domain,	for	(	12	)2	=	14	∈	/	R.	There	are	no	rational	roots:	the	candidates	are	±1,	±	5,	±	13	,	±	53	.	Neumann.)	If	a	group	G	is	the	set-theoretic	union	of	finitely	many	cosets,	G	=	x1	S1	∪	·	·	·	∪	xn	Sn
,	prove	that	at	least	one	of	the	subgroups	Si	has	finite	index	in	G.	Thus,	the	factors	on	the	right	side,	other	than	n	=	pr	m,	have	the	form	n	−	i	=	pr	m	−	i,	where	1	≤	i	≤	pr	−	1.	Therefore,						ca	cb	+	d	c	d	a	b	ψ(	f	g)	=	=	=	ψ(g)ψ(	f	).	Since	both	α	and	β	are	transpositions,	α	2	=	(1)	=	β	2	,	and	so	α	2	β	2	=	(1).	If	σ	is	a	transposition,	then	H	contains	every
transposition.	(ii)	Let	G	be	a	finite	group	and	let	H	≤	G	be	a	subgroup.	If	|	then	part	(i)	gives	n	n			ε	j	+	εn+1	≤	ε	j	+	1	<	n	+	1,	j=1	j=1		contrary	to	hypothesis.	If	a	matrix	A	=	ab	a+b	b	=	0.	Hence,	the	product	of	the	slopes	is	−1,	and	so	is	perpendicular	to	the	P	P		.	,	Bt	are	square	matrices	with	Ai	similar	to	Bi	for	all	i,	prove	that	A1	⊕	·	·	·	⊕	At	is
similar	to	B1	⊕	·	·	·	⊕	Bt	.	Then	C1	,	C2	,	C3	are	collinear.	(x)	Every	group	of	order	58	contains	a	normal	subgroup	of	order	56	.	3.26	Let	k	be	a	field,	and	let	R	be	the	subring			R	=	n	·	1	:	n	∈	Z	⊆	k.	√	(ii)	Prove	that	3	2	is	irrational.	On	the	other	hand,	the	definition	of	multiplication	in	the	quotient	group	(H	×	K	)/K	∗	gives	g(x)g(y)	=	(x,	1)K	∗	(y,	1)K	∗	=
(x	y,	1)K	∗	=	g(x	y),	as	desired.	But	k		k	−1	=	k		∈	K	and	k		k	−1	h	−1	=	k		h	−1	=	h	1	k1	for	h	1	∈	H	and	k1	∈	K	because	K	H	=	H	K	.	f	f	a	+	b	=	pe	p1e1	·	·	·	pnen	+	p	f	p1	1	·	·	·	pn	n			f	f	=	pe	p1e1	·	·	·	pnen	+	p	f	−e	p1	1	·	·	·	pn	n	.	which	is	distinct	from	the	unit	in	B(X	),	namely,	X	.	3.6	Find	the	multiplicative	inverses	of	the	nonzero	elements	in	I11	.
Define	G	m	=	{g	∈	G	:	order	(g)	|	m}	and	(i)	G	n	=	{h	∈	G	:	order	(h)	|	n}.	The	function	ϕ	:	G	→	G,	defined	by	ϕ(g)	=	g	2	,	is	a	homomorphism	because	G	is	abelian.	[One	must	assume	that	a	>	0	lest	a(b,	c)	be	negative.]	Solution.	By	the	Chinese	remainder	theorem,	the	first	two	congruences	give	x	≡	24	mod	35.	For	the	inductive	step,	note	that	[1	+	r	+	r
2	+	r	3	+	·	·	·	+	r	n	]	+	r	n+1	=	(1	−	r	n+1	)/(1	−	r	)	+	r	n+1	1	−	r	n+1	+	(1	−	r	)r	n+1	1−r	n+2	1−r	.	Since	a	normal	subgroup	of	G	contains	all	the	conjugates	of	its	elements,	it	follows	that	H	is	a	union	of	conjugacy	classes	of	G.	(iii)	Any	two	functions	f	:	X	→	Y	and	g	:	Y	→	Z	have	a	composite	g	◦	f	:	X	→	Z.	113	Since	n	is	odd,	(−x)n	−	1	=	−x	n	−	1	=	−(x
n	+	1),	and	one	can	now	cancel	the	minus	sign	from	each	side.	For	the	inductive	step,	we	have	τ	=	(i	j)	=	(i	i	+	1)(i	+	1	j)(i	i	+	1),	by	Proposition	2.32,	for	j	−	i	≥	2	implies	j	=	i	+	1.	(iii)	Gal(Q(	b2	−	4ac)/Q)	has	order	2.	(ii)	Prove	that	if	α	is	surjective,	then	α∗	is	surjective.	By	induction,	(i	+	1	j)	is	a	product	of	an	odd	number	of	adjacencies,	and	so	τ	is
also	such	a	product.	1.36	(Star	of	David)	Prove,	for	all	n	>	r	≥	1,	that	n	−	1	n	n	+	1	n	−	1	n	n	+	1	.	MORE	FROM	LIFE123.COM	©	1996-2014,	Amazon.com,	Inc.	On	the	other	hand,	this	area	is	the	sum	of	the	areas	of	the	three	smaller	triangles:	O	S	E;	OC	E;	OC	T	.	2.58	Prove	that	every	infinite	group	contains	infinitely	many	subgroups.	,	yn	},	then	for
each	i,	there	exists	xi	∈	X	with	f	(xi	)	=	yi	.	(iv)	If	α,	β	are	cycles	in	Sn	,	then	αβ	=	βα.	Therefore,	g	has	an	inverse,	namely,	f	,	and	so	g	is	a	bijection.	In	base	2,	the	only	digits	are	0	and	1.	We	have	F(1)	=	1	p	=	1	and	F(x	y)	=	(x	y)	p	=	x	p	y	p	=	F(x)F(y).	Since	x	n	=	1,	we	have	f	(x)n	=	1,	and	so	the	result	follows	from	Lemma	2.53.	Since	An	is	simple,
either	H	∩	An	=	An	or	H	∩	An	=	{(1)}.	Hence,	1	=	e.	By	the	orbit-stabilizer	theorem,	[S7	:	C	S7	(α)]	=	230.	93	3.34	(i)	If	p	is	a	prime	and	m,	n	∈	N,	prove	that	pm	pn	≡	m	n	mod	p.	(ii)	Show	that	if	a	=	r0	+	1000r1	+	10002r2	+	·	·	·	,	then	a	is	divisible	by	7	if	and	only	if	r0	−	r1	+	r2	−	·	·	·	is	divisible	by	7.	(vi)	There	is	a	linearly	independent	list	of	4
matrices	in	Mat2	(R).	Squaring,	a	2	=	nb2	.	The	hint	shows	that	|C	S5	(α)|	=	5.	3.32	(i)	Let	R	be	a	domain.	(ii)	If	R	is	a	domain,	then	R[x]	is	a	domain.	q	−1	Solution.	(ii)	Prove	that	B	AB	=	A−1	.	If	d	=	sa	+	tb,	and	if	we	define	sk	=	s	+	kb	and	tk	=	t	−	ka,	then	d	=	sk	a	+	tk	b	for	all	k.	We	now	assume	that	a	=	0.	Define	n	1	to	be	the	line	determined	by	2
∩	m	3	and	3	∩	m	2	,	n	2	to	be	the	line	determined	by	1	∩	m	3	and	3	∩	m	1	,	and	n	3	to	be	the	line	determined	by	1	∩	m	2	and	2	∩	m	1	.	Hence,	p	=	2730.	By	(ii),	for	each	such	x	∈	G,	the	element	f	(x)	∈	H	has	order	k,	so	that	t	≤	s.	α	/	[email	protected]	B	@@	@@	γ	β	@@		C	If	α	is	surjective,	prove	that	ker	γ	=	α(ker	β).	4.53	Let	T	[x1	,	.	2	Substituting	c	=
b−1	,	the	first	equation	gives	√	b	−	10b	+	1	=	0.	Unlike	with	Rosetta	Stone,	Duolingo	uses	a	native	language	as	the	medium	of	instruction.	The	intersection	of	these	two	subgroups	is	{1}	and	they	generate	all	of	U	(I1	5)	(if	S	=	#2,	11$,	then	|S|	≥	5;	by	Lagrange’s	theorem,	|S|	is	a	divisor	of	8;	hence,	|S|	=	8	and	S	=	U	(I1	5).	(ii)	Find	an	irreducible
quartic	polynomial	g(x)	∈	F2	[x],	and	use	it	to	define	a	primitive	15th	root	of	unity	ζ	∈	F16	.	64	Solution.	Let	H	be	a	normal	subgroup	of	S4	and	let	σ	∈	H	with	σ	=	(1).	69	Solution.	Therefore,	f	|S	=	f	◦	i,	by	Proposition	2.2.	(ii)	If	im	f	=	A	⊆	Y	,	prove	that	there	exists	a	surjection	f		:	X	→	A	with	f	=	j	◦	f		,	where	j	:	A	→	Y	is	the	inclusion.	1.23	(Double
Induction)	Let	S(m,	n)	be	a	doubly	indexed	family	of	statements,	one	for	each	m	≥	0	and	n	≥	0.	Let	x	=	y	t	.	If	x	∈	A	−	B,	then	x	∈	A	and	x	∈	/	B;	hence,	x	∈	A	and	x	∈	B		,	and	so		x	∈	A	∩	B	.	Then	2q	p	=	12	and	q	p	=	6.	By	Theorem	2.131,	F×	p	=	#−1$	×	H	for	some	subgroup	H	of	order	m.	(Division	enters	in	only	because	we	chose	to	expand	(a	+	b)n	by
using	the	formula	for	(1	+	x)n	;	had	we	not	chosen	this	expository	path,	then	division	would	not	have	been	used.	(ii)	Prove	that	G/G		is	abelian.	Since	p		m,	the	highest	power	of	p	dividing	pr	m	is	pr	,	and	so	the	highest	power		pr	m			n		of	p	dividing	apr	is	pr	;	that	is,	p		a	=	=	r	,	as	desired.	2.74	(i)	Find	a	subgroup	H	≤	S4	with	H	∼	=	V	but	with	H	=	V.
Show	that	there	is	a	bijection	f	:	X	→	Y	if	and	only	if	|X	|	=	|Y	|;	that	is,	m	=	n.	In	Example	2.139,	we	have	seen	that	D8	can	be	viewed	as	certain	permutations	of	the	4	vertices	of	a	square.	1.16	Prove,	for	every	n	∈	N,	that	(1	+	x)n	≥	1	+	nx	whenever	x	∈	R	and	1	+	x	>	0.	Prove	that	S(m,	n)	is	true	for	all	m	≥	0	and	n	≥	0.	It	follows	that	neither	x	+	1	nor	√
x	−	1	is	a	polynomial.	Here	is	a	proof	that	is	a	variation	of	the	same	idea.	Define	b0	=	a0	.	Solving	for	σ	gives	σ	=	1/(1	−	x).	Therefore,	G	is	not	simple.	1.71	If	a	and	b	are	positive	integers	with	(a,	b)	=	1,	and	if	ab	is	a	square,	prove	that	both	a	and	b	are	squares.	Thus,	f	is	an	injection.	We	may	assume	that	k	≥	t.	123	3.101	Generalize	Proposition
3.116(iii)	as	follows.	4.40	Let	V	be	a	finite	dimensional	vector	space	over	a	field	k,	and	let	B	denote	the	family	of	all	the	bases	of	V	.	As	f	(n)	(x)	is	a	power	series,	by	assumption,	its	derivative	is	computed	term	by	term.	On	the	other	hand,if	b	=	c,	then	bc	=	1	implies	b	=	±1	=	c.	(i)	If	both	f	and	g	are	injective,	prove	that	g	◦	f	is	injective.	If	f	(x)	=	x	−1	,
then	x	f	(x)	=	1.	Hence,	σ	=	x	m	x	n−m	w	∈	(x	m	),	so	that	I	⊆	(x	n	).	Assume	that	d	=	ad		and	d		=	bd.	5.10	Find	the	roots	of	x	3	−	9x	+	28.	Alison’s	modules	are	split	into	bite-sized	chunks.	The	answer	is	c	=	[ζ	3	,	ζ,	1	+	ζ	3	,	ζ	3	+	ζ,	0,	ζ	3	,	1].	The	exponent	of	pi	on	the	left	is	odd	while	the	exponent	of	pi	on	the	right	is	even,	and	this	is	a	contradiction.
.}	be	the	set	of	all	positive	integers,	and	let	S	X	be	the	symmetric	group	on	X	.	For	example,	if	v1	,	v2	,	.	)	is	a	nonzero	formal	power	series,	define	ord(σ	)	=	m,	where	m	is	the	smallest	natural	number	for	which	sm	=	0.	G	is	the	disjoint	union	of	X	and	Y	,	where	X	=	{g	∈	G	:	g	−1	=	g}	and	Y	=	{g	∈	G	:	g	−1	=	g}.	29	A	similar	argument	shows	that	if	pe	|
pr	−	i	for	i	≥	1,	then	pe	|	pr	m	−	i.	Assume	that	H	≤	G	and	|H	|	=	|K	|.	2.4	If	A	and	B	are	subsets	of	a	set	X	,	define	their	symmetric	difference	(see	Figure	2.5)	by	A	+	B	=	(A	−	B)	∪	(B	−	A).	One	proves	that	F(X,	R)	is	a	commutative	ring	just	as	one	proves	that	F(R)	is	a	commutative	ring,	for	the	only	aspect	if	R	used	in	the	proof	is	that	it	is	a
commutative	ring.	42	2.12	Let	X	=	{x1	,	.	(iii)	If	f	:	R	→	S	is	a	homomorphism	of	commutative	rings,	then	S	has	a	subring	isomorphic	to	R/(ker	f	).	If	f	(x)	is	a	unit,	then	there	is	g(x)	∈	R[x]	with	f	(x)g(x)	=	1.	It	suffices	to	prove	that	k	|	ad.	There	is	β	with	β	j	=	j	and	βi	=	k	=	i.	Finally,	we	must	show	that	ϕ	is	surjective.	sin	θ	cos	θ	has	finite	order	if	and	only
if	cos	kα	=	1	and	sin	kα	=	0;	that	is,	when	kα	is	an	integral	multiple	of	2π.	(viii)	If	a,	b	∈	G,	where	G	is	a	group,	then	(ab)n	=	a	n	bn	for	all	n	∈	N.	Prove	that	Z[α]	=	{	f	(α)	:	f	(x)	∈	Z[x]}.	Ai	B	A	j	=	B	A−i	A	j	=	B	A	j−i	∈	X	∪	Y	=	G.	11	Base	Step.	There	is	a	similar	formula	when	n	2	≡	1	mod	4,	and	both	can	be	combined	into	the	formula	using	greatest
integer	notation.	Prove	that	f	is	an	isomorphism	from	Sn	to	a	subgroup	of	GL(n,	R).	(Note	that	164	=	(24	)4	=	216	.)	Inductive	step.	If	(x	−	a)2	|	f	(x),	then	f	(x)	=	(x	−	a)2	h(x),	and	so	f		(x)	=	2(x	−	a)h(x)	+	(x	−	a)2	h		(x).	Find	the	roots	of	f	(x)	=	x	3	−	15x	−	4	using	the	cubic	formula.	2.101	(i)	Let	π	:	G	→	H	be	a	surjective	homomorphism	with	ker	π	=	T	.
For	the	interval	March	through	December,	there	is	only	one	such	month,	namely,	August.	2.16	(i)	Let	f	:	X	→	Y	be	a	function,	and	let	{Si	:	i	∈	I	}	be	a	family	of	subsets	of	X	.	(ii)	Prove	that	if	the	matrix	A∗	in	part	(i)	has	rank	m,	then	there	exists	a	solution	to	Ax	=	b	with	x	j1	=	0	=	x	j2	=	·	·	·	=	x	js	.	(i)	Every	field	is	a	domain.	1.8	Find	a	formula	for
1+3+5+·	·	·+(2n−1),	and	use	mathematical	induction	to	prove	that	your	formula	is	correct.	In	cycle	notation,	α	=	(19)(28)(37)(46).	Since	H	has	index	2,	we	have	H		G,	by	Proposition	2.97,	and	so	the	second	isomorphism	theorem	gives	|C	H	||C	∩	H	|	=	|C||H	|;	by	Lagrange’s	theorem,	[H	:	C	∩	H	]	=	[C	H	:	C].	If	a	=	3b,	then	b	<	a,	and	so	the	inductive
hypothesis	gives	k	≥	0	and	an	integer	c	not	divisible	by	3	such	that	b	=	3k	c.	(xii)	For	every	positive	integer	n,	there	exists	a	field	with	exactly	11n	elements.	One	uses	the	Euclidean	algorithm	to	get:	(12327,	2409)	=	3	and	3	=	12327	·	299	−	2409	·	1530;	the	fraction	2409/12327	=	803/4109	is	in	lowest	terms.	3.9	Find	all	the	units	in	the	commutative
ring	F(R)	defined	in	Example	3.11(i).	2.78	Let	G	be	the	additive	group	of	all	polynomials	in	x	with	coefficients	in	Z,	and	let	H	be	the	multiplicative	group	of	all	positive	rationals.	9	8	7	6	5	4	3	2	1	Solution.	(r	−	1)!r	!(r	+	1)!(n	−	r	−	1)!(n	−	r	)!(n	−	r	+	1)!	1.37	For	all	odd	n	≥	1,	prove	that	there	is	a	polynomial	gn	(x),	all	of	whose	coefficients	are	integers,
such	that	sin(nx)	=	gn	(sin	x).	For	example,	October	13,	1988,	fell	on	a	Friday,	but	no	other	13th	of	the	month	fell	on	Friday.	For	the	new	cubic,	q	=	−216,	r	=	−1241,	D	=	47089	=	(217)2	,	α	=	9,	β	=	−(−216)/3	·	8,	and	so	a	root	is	17;	it	follows	that	a	root	of	the	original	cubic	is	17	+	8	=	25.	It	is	provided	by	the	University	of	California,	Irvine.	But	they
are	all	roots	of	x	n	−	1,	and	so	Theorem	3.50	gives	the	first	equation:	x	n	−	1	=	(x	−	1)(x	−	ζ	)(x	−	ζ	2	)	·	·	·	(x	−	ζ	n−1	).	Show	that	v1	+	U,	.	Now	D	is	a	subgroup	of	G,	by	Exercise	2.55.	(ii)	Prove	that	if	p(x)	∈	Q[x]	is	an	irreducible	polynomial,	then	p(x)	has	no	repeated	roots.	Therefore,	the	congruence	a		x	≡	b	mod	m		has	a	solution,	say,	u,	and	hence
du	is	a	solution	of	the	original	congruence.	By	what	we	have	proved	so	far,	there	are	integers	q	and	r	with	b	=	q(−a)	+	r	,	where	0	≤	r	<	−a;	that	is,	b	=	(−q)a	+	r	,	where	0	≤	r	<	|a|.	Let	f	(x)	=	an	x	n	and	g(x)	=	bn	x	n	.	Find	all	the	complements	of	U	in	R2	.	If	|G|	=	1,	then	G	is	abelian.	It	follows	that	if	g(x)	=	g(y),	then	{(x,	k)	:	k	∈	K	}	=	{(y,	k)	:	k	∈	K
},	and	this	implies	that	x	=	y.	Now	β(a)	=	γ	◦	α(a)	=	γ	(b)	=	1,	so	that	a	∈	ker	β	and	b	=	α(a)	∈	α(ker(beta).	Now	µ	:	(a,	b)		→	ab.	Now	ab/d	is	an	integer,	and	it	is	a	common	multiple	of	a	and	b:	ab/d	=	a(b/d)	=	b(a/d).	71	2.110	(i)	Generalize	Theorem	2.128	by	proving	that	if	the	prime	factorization	of	an	integer	m	is	m	=	p1e1	·	·	·	pnen	,	then	Im	∼	=	I	pe1
×	·	·	·	×	I	pnen	.	It	follows	easily	that	each	of	C	H	(x)	and	H	∩	C	G	(x)	contains	the	other.	ir	)	=	(i	2	i	3	.	Since	(|K	|,	[G	:	K	])	=	1,	however,	it	follows	that	n	=	1.	Let	I	be	an	ideal	in	k[[x]];	we	may	assume	that	I	=	{0}	because	{0}	=	(0).	(i)	Every	group	G	is	isomorphic	to	the	symmetric	group	SG	.	(ii)	Prove	that	γ	:	G	→	Aut(G),	defined	by	g		→	γg
(conjugation	by	g),	is	a	homomorphism.	(vi)	If	f	:	X	→	Y	is	a	function	for	which	there	is	a	function	g	:	Y	→	X	with	f	◦	g	=	1Y	,	then	f	is	a	bijection.	If	the	origin	(0,	0,	0)	lies	on	a	plane	H	,	then	u	=	0	and	H	=	{v	=	(x,	y,	z)	∈	R3	:	(v,	n)	=	0},	where	n	=	(α,	β,	γ	)	is	a	(nonzero)	normal	vector;	that	is,	H	is	the	set	of	all	vectors	orthogonal	to	n.	We	prove	by
induction	on	n	≥	1	that	the	sum	is	n	2	.	(i)	Prove	that	≡	is	an	equivalence	relation.	(iv)	If	A	is	a	2	×	2	matrix	over	R	all	of	whose	entries	are	positive,	then	det(A)	is	positive.	91	(iii)	If	R	is	a	subfield	of	k,	prove	that	R	is	the	prime	field	of	k.	But	f	(x)	=	0	126	if	and	only	if	all	of	its	coefficients	are	0;	therefore,	X	is	linearly	independent.	Prove	that	there	exists
a	solution	x	=	(x1	,	.	Show	that	the	symmetry	group	(C)	of	a	circle	C	is	infinite.	,	cn	);	that	is,	c	and	c	agree	in	at	least	n	−	d	+	1	positions,	and	so	δ(c,	c	)	≤	d	−	1	<	d.	2.138	How	many	flags	are	there	with	n	stripes	each	of	which	can	be	colored	any	one	of	q	given	colors?	5.30	(i)	If	k	is	a	field	and	f	(x)	∈	k[x]	has	derivative	f		(x),	prove	that	either	f		(x)	=	0
or	deg(	f		)	<	deg(	f	).	Consider	the	set	I	of	all	the	common	multiples	of	a1	,	a2	,	.	(ii)	If	a	group	G	acts	on	a	finite	set	X	,	then	G	must	be	finite.	Ai	A	j	=	Ai+	j	∈	X	≤	G.	If	a	2	=	a,	then	0	=	a	2	−	a	=	a(a	−	1).	If	pe	|	pr	m	−	i,	where	e	≤	r	and	i	≥	1,	then	pr	m	−	i	=	bpe	;	hence,	e	p	|	i;	there	is	a	factorization	i	=	pe	j.	By	part	(i),	∂(u)	=	∂(1).	(ii)	If	U	is	a
subspace	of	a	finite	dimensional	vector	space	V	,	prove	that	any	two	complements	of	U	are	isomorphic.	If	(g	◦	f	)(x)	=	(g	◦	f	)(x		),	then	g(	f	(x))	=	g(	f	(x		)).	By	Theorem	4.31,	|G|	=	|	Gal(E/Q)|	=	[E	:	Q]	=	[E	:	Q(α)][Q(α)	:	Q]	≥	6.	(v)	If	p	is	a	prime	number,	then	every	field	of	characteristic	p	is	finite.	But	there	are	exactly	2n	such	n-tuples,	for	there	are	two



choices	for	each	coordinate.	Moreover,	being	a	product	of	disjoint	transpositions,	α	=	α	−1	.	The	Euclidean	algorithm	gives	(7563,	526)	=	1	and	1	=	532	−	526	−	37	−	7563.	1.29	Prove	that	the	binomial	theorem	holds	for	complex	numbers:	if	u	and	v	are	complex	numbers,	then	(u	+	v)n	=	n				n	n−r	r	u	v	.	2	Solution.	3.98	Prove	that	every	element	z	in
a	finite	field	E	is	a	sum	of	two	squares.	By	Euclid’s	lemma,	we	must	have	p	|	k	for	some	k	≤	m,	and	this	contradicts	m	<	p.	If	we	define	q1	=	1,	then	10	=	q1	+	1,	and	so	the	base	step	is	true.	1.80	Prove	that	a	positive	integer	n	is	divisible	by	11	if	and	only	if	the	alternating	sum	of	its	digits	is	divisible	by	11.	By	Exercise	3.39(iii),	ord(u)	+	ord(v)	=	ord(1)
=	0.	By	Euclid’s	lemma,	if	p	divides	a	2	−	1	=	(a	+	1)(a	−	1),	then	p	divides	a	+	1	or	p	divides	a	−	1;	that	is,	a	≡	±1	mod	p.	.,	an	.	Since	n	=	(α,	β,	γ	)	=	(0,	0,	0),	at	most	one	of	these	vectors	is	0.	(i)	Prove	that	k[A],	defined	by	k[A]	=	{	f	(A)	:	f	(x)	∈	k[x]},	is	a	commutative	ring	under	matrix	addition	and	matrix	multiplication.	4.54	Let	T	:	Cn	→	Cn	be	a
linear	transformation,	and	let	A	=	[ai	j	]	be	its	matrix	relative	to	the	standard	basis	e1	,	.	This	does	not	yet	show	that	the	two	gcd’s	are	equal.	If	p(x)	=	i=0			follows	that	deg(	p	)	=	n	−	1,	and	so	p	is	not	the	zero	polynomial.	Since	there	are	no	roots	over	F2	,	the	cubic	f	(x)	is	irreducible	over	Q,	by	Proposition	3.65.	Compare	your	method	with	Cardano’s
formula	and	with	Vi`ete’s	trigonometric	solution.	(The	converse	of	this	exercise	is	true,	but	we	leave	its	proof	for	a	linear	algebra	course.)	4.11	(i)	Prove	that	dim(Matm×n	(k))	=	mn.	(iv)	If	a	is	an	integer,	then	a	4	≡	a	mod	4.	Given	A,	then	I,	A,	A2	,	.	But	43	+	53	=	64	+	125	=	189	=	21	×	9.	0	1	6	9	5	3	10	2	8	4	7	It	follows	that	f	is	a	permutation.	By
Corollary	1.40,	b	|	ak	implies	b	|	k.	x	4	+	1	factors	in	F2	[x]	because	1	is	a	root.	Define	g	=	s(b	−	b).	5.18	Let	k	be	a	field	and	let	f	(x)	∈	k[x].	Define	I	=	{k	in	Z	:	ζ	k	=	1}.	Since	Ni		G,	we	have	gdg	−1	∈	Ni	for	every	g	∈	G	and	i	∈	I	.	r	r	r	=1	Evaluating	at	x	=	−1	gives	f		(−1)	=	n(1	−	1)n−1	=	0,	since	n	−	1	≥	1.	Conversely,	suppose	that	b	=	db	.	Inductive
step.	However,	if	c	is	a	common	divisor	of	a	and	b	−	a,	then	c	|	b,	for	b	=	a	+	(b	−	a).	Note	first	that	ai	≡	i	mod	p	implies			ai	≡	i	mod	p	≡	(	p	−	1)!	mod	p	≡	−1	mod	p,	72	the	last	congruence	by	Wilson’s	theorem.	For	every	positive	integer	n,	show	that	the	ring	homomorphism	Fn	:	k	→	k,	given	by	n	Fn	(a)	=	a	p	,	is	injective.	If	d	is	another	common
solution,	then	both	f	and	f		divide	c	−	d.	n	n	ai	x	i	,	then	p	(x)	=	i=1	iai	x	i−1	.	13	(ii)	Of	all	the	triangles	in	the	plane	having	perimeter	p,	prove	that	the	equilateral	triangle	has	the	largest	area.	(ii)	Prove	that	f	:	H	→	(H	×	K	)/K	∗	,	defined	by	f	(h)	=	(h,	1)K	∗	,	is	an	isomorphism	without	using	the	first	isomorphism	theorem.	1.5	Prove	that	12	+	22	+	·	·	·	+
n	2	=	16	n(n	+	1)(2n	+	1)	=	13	n	3	+	12	n	2	+	16	n.	The	proof	of	distributivity	is	longer.	As	a	and	b	are	nonzero	integers,	|a|	≥	1	and	|b|	≥	1.	Use	the	Two-squares	theorem.	The	base	step	is	clear,	for	then	τ	is	already	an	adjacency,	and	so	it	is	a	product	of	1	adjacency.	,	cn	)	and	c	=	(c1	,	.	,	cn	)	=	(cd	,	.	3.27	(i)	Show	that	every	subfield	of	C	contains	Q.
(v0	v4	)(v1	v3	),	(ii)	How	many	bracelets	are	there	having	6	beads,	each	of	which	can	be	colored	any	one	of	q	available	colors?	The	result	now	follows	from	Proposition	2.127.	Assuming	Zorn’s	lemma,	this	is	true,	but	the	poor	reader	is	not	prepared	for	this.	Conclude	that	B(Y	)	is	not	a	subring	of	B(X	).	(viii)	If	p	is	a	prime	and	m	≡	n	mod	p,	then	a	m	≡	a
n	mod	p	for	every	natural	number	a.	By	De	Moivre’s	theorem,	√	wn	=	(	n	r	)n	([cos(θ/n)	+	i	sin(θ/n)])n	=	r	[cos(θ)	+	i	sin(θ)].	(vii)	There	is	a	linearly	independent	list	of	5	matrices	in	Mat2	(R).	+	0	k−1	f	0	g	n+1	+	n	n	n+1	The	coefficient	of	f	k	g	n−k+1	is	thus	k−1	+	k	=	k	,	by	Lemma	1.17,	as	desired.	If	σ	=	(s0	,	s1	,	.	Substituting	c	=	−a	yields	the
desired	equations.	Prove	that	all	the	eigenvalues	of	a	nilpotent	matrix	are	0.	If	f	:	V	→	W	is	a	linear	transformation	with	ker	f	=	U	,	then	U	is	a	subspace	of	V	and	there	is	an	isomorphism	ϕ	:	V	/U	→	im	f	,	namely,	ϕ(v	+	U	)	=	f	(v).	There	are	no	solutions.	(ii)	Prove	that	Gal(E	∗	/k	∗	)		Gal(E	∗	/k)	and	Gal(E	∗	/k)/	Gal(E	∗	/k	∗	)	∼	=	Gal(k	∗	/k).	The	n
numbers	1,	ζ,	ζ	2	,	.	But	Exercise	2.82	says	that	every	element	in	H	has	a	square	root.	If	H	K	is	a	subgroup.	If	n	=	2,	this	is	the	usual	product	rule	for	derivatives.	Therefore,	f	(x)	is	irreducible	over	Q.	Of	course,	I	is	a	subset	of	Z,	and	it	contains	positive	numbers	because	ζ	is	a	root	of	unity.	For	the	reverse	inclusion,	if	y	∈	(b),	then	y	=	sb	=	sva	∈	(a).	By
Euclid’s	lemma,	p	|	b,	contradicting	(a,	b)	=	1.	Now	b	=	1/c,	so	that	ac	=	ab	=	a/c,	and	ac2	=	a.	Let	α	be	a	root	of	x	p	−	t	(in	a	splitting	field).	(iii)	If	S	and	T	are	linear	transformations	on	the	plane	R2	that	agree	on	two	nonzero	points,	then	S	=	T	.	2.106	Let	H	and	K	be	subgroups	of	a	group	G.	Let	b	be	a	positive	integer	with	b2	≡	35	mod	100.	Thus,
every	element	x	∈	D12	has	a	unique	factorization	x	=	bi	a	j	,	where	i	=	0,	1	and	0	≤	j	<	6.	The	exercise	is,	in	fact,	true	as	stated,	but	it	wants	Zorn’s	lemma	at	one	stage	(see	the	following	argument).	4.44	Let	U	:	Rn	→	Rn	be	an	orthogonal	transformation,	and	let	X	=	v1	,	.	(i)	6	|	2.	j	Solution.	f	=	(2	6	10	7)(3	9	4	5).	4.45	Let	A	be	an	n	×	n	real	symmetric
matrix.	Prove	that	t	≤	s.	(ii)	3x	≡	2	mod	5	and	2x	≡	1	mod	3.	Prove	that	a	and	b	are	relatively	prime.	Prove	that	SL(2,	R)	is	a	subgroup	of	GL(2,	R).	Faslse.	d	−	a	d	2	−	a2	d	3	−	a3	Use	the	identities	x	2	−	y	2	=	(x	−	y)(x	+	y)	and	x	3	−	y	3	=	(x	−	y)(x	2	+	x	y	+	y	2	),	and	factor	out	b	−	a,	c	−	a,	and	d	−	a	from	rows	1,	2,	and	3,	respectively,	to	obtain	ùö	æé	1
b	+	a	b2	+	ba	+	a	2	ú	çê	det(V	)	=	(b−a)(c−a)(d−a)	det	èë1	c	+	a	c2	+	ca	+	a	2	ûø	.	Thus,	x	=	d(x,	y)	f	(x,	y)	and	y	=	d(x,	y)g(x,	y)	for	f	(x,	y),	g(x,	y)	∈	k[x,	y].	One	multiplies	the	matrices.	In	particular,	e1	=	1.	1	+	3	+	5	+	·	·	·	+	(2n	−	1)	+	(2n	+	1)	=	1	+	3	+	5	+	·	·	·	+	(2n	−	1)]	+	(2n	+	1)	=	n	2	+	2n	+	1	=	(n	+	1)2	.		5.15	True	or	false	with	reasons.	There
are	exactly	four	functions	from	a	2-point	set	to	itself.	Define	H	=	#a	2	,	b$;	now	H	∼	=	S3	,	for	it	is	a	nonabelian	group	of	order	6;	note	that	H		D12	because	it	has	index	2.	3.10	Generalize	the	construction	of	F(R)	to	a	set	X	and	an	arbitrary	commutative	ring	R:	let	F(X,	R)	be	the	set	of	all	functions	from	X	to	R,	with	pointwise	addition	f	+	g	:	x		→	f	(x)	+
g(x)	and	pointwise	multiplication	f	g	:	x		→	f	(x)g(x)	for	x	∈	X	.	A	similar	argument	holds	if	b	=	0,	(This	result	is	generalized	to	n	×	n	matrices	in	Corollary	4.86.	State	the	dual	of	the	theorem	of	Pappus.	It	is	not	clear	how	to	use	these	formulas	to	give	numerical	estimates	for	the	roots.	(iii)	There	are	at	least	two	primes	in	any	sequence	of	7	consecutive
natural	numbers.	Now	0	is	skew-symmetric,	for	0T	=	0	=	−0.	Prove	that	A	is	a	subgroup	of	GL(2,	R).	4.50	If	A	is	an	n	×	n	matrix	over	a	commutative	ring	R	and	if	r	∈	R,	prove	that	det(r	A)	=	r	n	det(A).	On	the	other	hand,	we	now	show	that	a	commutes	with	every	element	in	g	∈	G.	(i)	If	S	is	a	subset	of	X	,	prove	that	the	restriction	f	|S	is	equal	to	the
composite	f	◦	i,	where	i	:	S	→	X	is	the	inclusion	map.	Later,	the	second	man	awakens	and	takes	his	fifth	from	the	remaining	pile;	he	too	finds	one	extra	and	gives	it	to	the	monkey.	If	i	=	j,	then	b	∈	#A$,	and	we	have	already	observed	that	this	is	not	so.	We	saw,	in	Chapter	3,	that	both	cubics	are	irreducible	in	F3	[x],	and	so	the	quotient	rings	are	fields	of
order	33	=	27.	(v)	0	|	0.	English	is	used	widely	internationally,	and	there’s	a	ready	demand	for	good	English	speakers	in	the	job	market.	Hence,	−1	=	a	−	ab	=	a(1	−	b).	3.81	Prove	that	there	are	domains	R	containing	a	pair	of	elements	having	no	gcd.	Therefore,	G	m	+	G	n	=	G.	2.67	(i)	Prove	that	the	composite	of	homomorphisms	is	itself	a
homomorphism.	,	x	100	is	a	polynomial	f	(x)	of	degree	≤	100;	the	coefficients	in	the	linear	combination	are	precisely	the	coefficients	of	f	(x).	Since	we	were	able	to	find	q	and	p,	the	original	trio	does	form	a	Pythagorean	triple.	3.103	If	E	=	F2	[x]/(	p(x)),	where	p(x)	=	x	3	+	x	+	1,	then	E	is	a	field	with	8	elements.	The	group	here	is	G	=	#ρ$	of	order	6
acting	by	rotations.	There	are	32	quintics	in	F2	[x],	16	of	which	have	constant	term	0;	that	is,	have	0	as	a	root.	114	(xi)	If	f	(x)	=	g(x)h(x)	in	Q[x],	and	if	f	(x)	has	all	its	coefficients	in	Z,	then	all	the	coefficients	of	g(x)	and	h(x)	also	lie	in	Z.	Using	Vi`ete’s	formula,	we	have	t	=	2	and	3θ	=	120◦	,	so	that	the	roots	are	2	cos	40◦	,	2	cos	160◦	,	2	cos	280◦	.	Use
these	to	get	two	different	expressions	for	65	as	a	sum	of	two	squares	in	Z.	If	S	:	V	→	W	is	a	linear	transformation,	prove	that	the	matrix	of	S	∗	is	a	transpose:	T	∗	X	∗	[S	]Y	∗	=	Y	[S]	X	.	Prove	that	either	G	=	ST	or	|G|	≥	|S|	+	|T	|.	Then	neither	f	=	0	nor	g	=	0,	but	f	g	=	0.	1	n.	According	to	Exercise	1.23,	there	are	three	things	to	verify.	Conclude	that	if	i
=	j,	then	ai	H	∩	a	j	H	=	∅.	125	(ii)	If	PF(k)	⊆	F(k)	denotes	the	family	of	all	polynomial	functions	a		→	αn	a	n	+	·	·	·	+	α1	a	+	α0	,	prove	that	PF(k)	is	a	subspace	of	F(k).	1.78	Find	all	the	integers	x	which	are	solutions	to	each	of	the	following	congruences:	(i)	3x	≡	2	mod	5.	(i)	If	a	matrix	A	is	similar	to	a	symmetric	matrix,	then	A	is	symmetric.	x	≡	14	mod
15.	The	answer	depends	on	the	parity	of	m.	2.141	Let	X	be	the	vertices	of	a	regular	n-gon,	and	let	the	dihedral	group	G	=	D2n	act	(as	the	usual	group	of	symmetries).	Let	f	(x)	=	x	p	−	x	∈	F	p	[x].	You	may	use	the	fact	that	the	only	nonabelian	groups	of	order	8	are	D8	and	Q.	t	n	i	i=0	i	(q	−	1)	M≤	4.71	4.72	4.73	4.74	4.75	Solution.	Using	Pascal’s
formula,	one	sees	that	both	sides	are	equal	to	(n	−	1)!n!(n	+	1)!	.	Y	Y	≤	G.	This	is	obvious	from	the	last	calculation.	Therefore,	x	y	−1	=	(h		h	1	)k1	∈	H	K	,	as	desired.	1.69	(i)	Find	gcd(210,	48)	using	factorizations	into	primes.	For	the	converse,	assume	that	{a{a,	b}}	=	{a		{a		,	b	}}	There	are	two	cases:	a	=	a		and	{a,	b}	=	{a		,	b	};	a	=	{a		,	b	}	and
{a,	b}	=	a		.	4.23	True	or	false	with	reasons.	2.13	(Pigeonhole	Principle)	(i)	If	X	and	Y	are	finite	sets	with	the	same	number	of	elements,	show	that	the	following	conditions	are	equivalent	for	a	function	f	:	X	→	Y:	(i)	f	is	injective;	(ii)	f	is	bijective;	(iii)	f	is	surjective.	(viii)	Every	monic	polynomial	in	Z[x]	is	primitive.	,	x	n	$.	(ii)	Show	that	([2]x	+[1])2	=	[1]	in
I4	[x].	n=1	Solution.	M	=	|C|,	and	part	(i)	gives	|C|	≤	q	n−d+1	.	If	g(x)	=	j	b	j	x	j	,	then	g(x)	p	=	(		j	b	j	x	j	)p	=		p	b	j	x	pj	=	f	(x).	These	equations	lead	to	a	quadratic,	c2	−	10c	+	1,	whose	roots	are	irrational,	contradicting	c	∈	Q.	1.65	(i)	Show	thatif	d	is	the	greatest	common	divisor	of	a1	,	a2	,	.	As	all	coefficients	of	x	i	for	0	<	i	<	n	are	0,	Eisenstein’s
criterion	applies	to	show	that	x	n	−	a	is	irreducible	in	Q[x].	Dividing	1000	by	7	leaves	remainder	6	≡	−1	mod	7.	If	v	=	(b,	c)	is	any	nonzero	vector	with	b	=	c,	then	Wv	=	{av	:	a	∈	R}	is	a	complement	of	U	.	130	(iii)	Gaussian	equivalent	matrices	have	the	same	column	space.	(xi)	If	G	is	a	simple	group	of	order	pn	,	where	p	is	a	prime,	then	n	=	1.	On	the
other	hand,	R	=	2|S|,	where	S	is	the	shaded	region	(whose	area	is	what	we	seek).	3.85	Let	ζ	=	e2πi/n	.	As	in	the	solution	to	Exercise	3.75,	a	degree	argument	shows	that	the	only	divisors	of	x	are	of	the	form	ax,	where	a	∈	k,	and	the	only	divisors	of	y	are	of	the	form	by,	where	b	∈	k.	(ii)	If	cos	3α	is	negative,	show	that	there	is	an	acute	angle	β	with	3α	=
3(β	+	30◦	)	or	3α	=	3(β	+	60◦	),	and	that	the	sets	of	numbers	cos(β	+	30◦	),	cos(β	+	150◦	),	cos(β	+	270◦	)	cos(β	+	60◦	),	cos(β	+	180◦	),	cos(β	+	270◦	)	and	coincide.	2.59	Let	G	be	a	group	of	order	4.	By	the	second	isomorphism	theorem,	H	∩	An		An	.	δ	p	(a,	b)	≥	0	because	c	p	≥	0	for	all	c.	√	3	Solution.	2.44	If	G	is	a	group	in	which	x	2	=	1	for	every	x	∈
G,	prove	that	G	must	be	abelian.	(iv)	Prove	that	x	4	+	1	factors	in	F	p	[x]	for	all	primes	p.	,	εn	all	equal,	say	to	ω.	ú	ë.	(iv)	If	a	and	b	are	positive	integers	which	are	not	relatively	prime,	then	there	is	a	prime	p	with	p	|	a	and	p	|	b.	Akbal	is	month	3	and	Muluc	is	month	9.	1.41	Assume	that	“term-by-term”	differentiation	holds	for	power	series:	if	f	(x)	=	c0
+c1	x	+c2	x	2	+·	·	·+cn	x	n	+·	·	·	,	then	the	power	series	for	the	derivative	f		(x)	is	f		(x)	=	c1	+	2c2	x	+	3c3	x	2	+	·	·	·	+	ncn	x	n−1	+	·	·	·	.	Therefore,	every	ideal	in	k[[x]]	is	principal.	We	know	that	the	subgroup	#a$	has	order	6,	hence	index	2,	and	so	there	are	two	cosets:	D12	=	#a$	∪	b#a$.	As	H	and	K	have	the	same	order,	H	=	K	,	as	desired.	If	γ	∈	k
m	,	then	Aγ	is	a	linear	combination	of	the	columns	of	A.	We	may	assume,	therefore,	that	2	=	a/b	where	at	least	one	of	a	or	b	is	odd.	Therefore,	ϕ(c)	=	ϕ(a),	and	ϕ	∗	is	well-defined.	(iv)	If	k	is	a	field	and	f	(x)	∈	k[x]	can	be	written	as	ap1	(x)	·	·	·	pm	(x)	and	bq1	(x)	·	·	·	qn	(x),	where	a,	b	are	constants,	p1	(x),	.	If			w	x	B=	,	y	z	then	AB	=	while		a	c		w	BA	=	y	b
d		x	z			x	∗	=	z	cw	+	dy		∗	,	∗				a	b	∗	=	c	d	ay	+	cz		∗	.	4.46	True	or	false	with	reasons.	√	By	the	quadratic	formula,	b2	−	4ac	is	not	rational.	If	a	=	d,	then	define			0	1	B=	.	(ii)	Suppose	there	are	11	pigeons,	each	sitting	in	some	pigeonhole.	(One	can	show	that	t	p	−	x	is,	in	fact,	irreducible	in	k[t].)	(ii)	Prove	that	E	=	k(α)	is	a	splitting	field	of	x	p	−	t	over
k.	We	prove	the	result	by	induction	on	j	−	i	≥	1.	(i)	Prove	that	if	f	(x)	has	exactly	one	real	root,	then	G	∼	=	S3	.	Now	either	α	is	a	transposition	or	a	product	of	two	disjoint	transpositions.	We	show	that	(1	2	3)	and	(i	j	k)	are	conjugate	in	An	(and	thus	that	all	3-cycles	are	conjugate	in	An	).	and	this	says	that	a	2	≡	±2	mod	p.	As	c	=	0,	we	have	AB	=	B	A.	σ	
∈	S	X	,	where	X	=	{1,	.	(ii)	How	many	ways	are	there	to	choose	4	colors	from	a	palette	containing	paints	of	20	different	colors?	Then	aba	−1	b−1	=	ab(ab)−1	=	1,	so	that	ab	=	ba.	(ii)	If	σ	∈	S6	,	then	σ	n	=	1	for	some	n	≥	1.	1	0	1	Solution.	(i)	Define	E	∗	/E	to	be	a	splitting	field	of	x	m	−	1,	and	define	k	∗	=	k(#).	Since	R	is	a	domain,	either	a	=	0	or	a	−	1
=	0.	If	0	=	ri	u	i	,	then	since	complex	conjugation	is	an	isomorphism	fixing	each	real	number,			0=0=	ri	u	i	=	ri	u	i	=	f	(u).	If	b	=	0,	then	both	sides	equal	a	n	;	if	b	=	0,	then	set	x	=	a/b	in	part	(ii).	Moreover,	every	complement	is	of	this	form.	Then	t	=	α	p	and	x	p	−	t	=	x	p	−	α	p	=	(x	−	α)	p	.	(ii)	Find	the	inverse	of	é	ù	2	3	1	A	=	ë−1	1	0û	.	Of	course,	12	=	1,
and	so	the	base	step	is	true.	Therefore,	bhb−1	=	h		∈	H	,	and	so	H	is	a	normal	subgroup.	(vii)	(n,	n	+	2)	=	2	for	every	natural	number	n.	(iv)	f	(x)	=	8x	3	−	6x	−	1.	We	have	q	=	−15,	r	=	−4,	D	=	484,	and	α	3	=	√	2	+	−121.	Now	x	m	=	v	−1	τ	∈	I	,	so	that	(x	m	)	⊆	I	.	Since	R	is	a	domain,	deg(	f	)	+	deg(g)	=	0.	−	2,	3,	8,	13,	.	It	is	also	shown	in	that	exercise
that	if	M	=	±I	,	then	M	2	=	−I	.	n	n	n		i					(n	+	1)	i=	i2	+	p	i=0	=	=	i=0	i=0	p=0	n		n		i=0	n		i2	+	i2	+	i=0	Therefore,	(n	+	1	−	1	2)	n		i=0	1	2	i(i	i=0	n		1	i2	2	i=0	i=	3	2	n		+	1)	+	1	2	i=0	i	2,	i=0	and	so	n		i	2	=	23	(n	+	12	)	12	n(n	+	1)	i=0	=	=	n		11	3	2	(2n	+	1)n(n	+	1)	1	6	(2n	+	1)n(n	+	1).	r	!(n	−	r	)!	1.31	Show,	for	every	n,	that	the	sum	of	the	binomial
coefficients	is	2n	:	n		n		n		n		=	2n	.	Since	10	≡	−1	mod	11,	a	=	dk	10k	+	·	·	·	+	d1	10	+	d0	≡	dk	(−1)k	+	·	·	·	−	d1	+	d0	.	(v)	If	D10	acts	on	a	bracelet	with	5	beads,	then	the	cycle	structure	of	τ	∈	D10	is	(1),	(1	2)(3	4),	or	(1	2	3	4	5).	The	other	two	methods	are	longer.	(iv)	If	G	is	a	finite	group	and	m	is	a	divisor	of	|G|,	then	G	contains	an	element	of	order
m.	Suppose	that	(i)	S(0,	0)	is	true;	(ii)	if	S(m,	0)	is	true,	then	S(m	+	1,	0)	is	true;	(iii)	if	S(m,	n)	is	true	for	all	m	≥	0,	then	S(m,	n	+	1)	is	true	for	all	m	≥	0.	Suppose	there	are	q	and	p	for	(9,	12,	15).	That	is,	there	are	only	four	units:	1,	−1,	i,	and	−i.	3.102	Let	f	(x)	=	a0	+	a1	x	+	·	·	·	+	an−1	x	n−1	+	x	n	∈	k[x],	where	k	is	a	field,	and	suppose	that	f	(x)	=	(x
−	r1	)(x	−	r2	)	.	If	a	is	not	a	multiple	of	3,	then	a	=	30	a	is	a	good	factorization.	We	have	proved	the	existence	of	a	factorization.	The	base	step	is	obviously	true.	Now	c	+	b	−	a	2	=	−10,	so	there	are	only	two	possibilities:	2	−	a	2	=	−10	or	−	2	−	a	2	=	−10.	The	set	I	of	all	linear	combinations	ti	ai	of	a1	,	a2	,	.	A	list	of	the	sums	for	n	=	1,	2,	3,	4,	5	is	2,	6,
24,	120,	720.	1.26	Isoperimetric	Inequality.	If	h	=	(g	f	)−1	,	then	(hg)	f	=	1	and	g(	f	h)	=	1.	4.58	If	C	=	C(g)	is	the	companion	matrix	of	g(x)	∈	k[x],	prove	that	the	characteristic	polynomial	h	C	(x)	=	det(x	I	−	C)	=	g(x).	√	If	b	−	4ac	is	irrational,	then	the	splitting	field	of	f	(x)	2	is	Q(	b	−	4ac),	√	which	is	a	proper	extension	field	of	Q.	Since	deg(	p)	=	n,	there
are	at	most	n	choices	for	σ	(α),	and	so	|G|	≤	n.	(iv)	Prove	that	every	element	U	∈	B(X	)	satisfies	U	2	=	U	.	(x)	If	k	⊆	K	are	fields	and	z	∈	K	is	a	root	of	some	nonzero	polynomial	p(x)	∈	k[x],	then	p(x)	is	irreducible	in	k[x].	46	(ii)	If	kr	≤	n,	where	1	<	r	≤	n,	prove	that	the	number	of	permutations	α	∈	Sn	,	where	α	is	a	product	of	k	disjoint	r	-cycles,	is	1	1	k!	r
k	[n(n	−	1)	·	·	·	(n	−	kr	+	1).]	Solution.	This	contradicts	(a,	b)	=	1.	(iii)	If	both	f	and	g	are	bijective,	prove	that	g	◦	f	is	bijective.	But	n	=	0	in	k	because	k	has	characteristic	0,	so	that	p		(x)	=	0	and	deg(	p	)	<	deg(	p).	After	collecting	terms,	one	sees	that	both	the	constant	term	and	the	coefficient	of	87	√	5	are	even;	moreover,	the	quotients	obtained	after
dividing	each	by	2	have	the	same	parity.	2.130	Let	{i	1	,	.	Thus,	if	A	=	0,	then	=	1,	and	so	the	matrix	A−1	exists.	(ii)	Prove	that	R[x]	is	a	subring	of	R[[x]].	(If	z	=	a	2	is	a	square,	then	we	may	write	z	=	a	2	+	02	.)	Solution.	(i)	Prove	that	A	has	order	n	and	that	B	has	order	2.	3.74	Let	[	f	(x),	g(x)]	denote	the	lcm	of	f	(x),	g(x)	∈	k[x],	where	k	is	a	field.	5.26
Prove	that	if	f	(x)	∈	Q[x]	has	a	rational	root	a,	then	its	Galois	group	is	the	same	as	the	Galois	group	of	f	(x)/(x	−	a).	(ii)	Use	Theorem	4.39	to	prove	that	every	n	×	n	matrix	A	is	Gaussian	equivalent	to	a	triangular	matrix.	It	is	clear	that	#−I	$	≤	Z	(Q),	for	scalar	matrices	commute	with	every	matrix.	2.97	(i)	If	H	and	K	are	groups,	prove,	without	using	the
first	isomorphism	theorem,	that	H	∗	=	{(h,	1)	:	h	∈	H	}	and	K	∗	=	{(1,	k)	:	k	∈	K	}	are	normal	subgroups	of	H	×	K	with	H	∼	=	H	∗	and	K	∼	=	K	∗.	,	qn	(x)	are	monic	nonconstant	polynomials,	then	m	≥	n.	·	·	·	·	·	·	.	(ii)	When	k	is	finite,	prove	that	F	is	an	automorphism	fixing	the	prime	field	F	p	.	Then	j	6	+	2Q	j	4	+	(Q	2	−	4S)	j	2	−	R	2	=	j	6	−	30	j	4	+	249
j	2	−	400.	1.83	(i)	Show	that	1000	≡	−1	mod	7.	But	(1	2	3	4)(1	2	4	3)	=	(2	3)	∈	H.	Conclude	that	E/k	is	a	finite	extension.	We	may	describe	each	subset	S	of	X	by	a	bitstring;	that	is,	by	an	n-tuple	(1	,	2	,	.	Now	α	=	0,	lest	βs	=	0	and	β	=	0	(for	s	=	0).	The	odd	numbers	<	24	not	divisible	by	3	are	1,	5,	7,	11,	13,	17,	19,	23;	square	each	mod	24.	But	|	j	−	|	<
n,	and	so	j	=	.	Now	g(	f	(x))	=	g(ax	+	b)	=	c(ax	+	b)	+	d	=	cax	+	(cb	+	d).	Now	repeat.	Prove	that	every	element	in	a	dihedral	group	D2n	has	a	unique	factorization	of	the	form	a	i	b	j	,	where	0	≤	i	<	n	and	j	=	0	or	1.	17	The	argument	concludes	as	that	of	the	base	step.	Let	G	be	a	finite	(additive)	abelian	group	of	order	mn,	where	(m,	n)	=	1.	(vi)	If	A	and
B	are	n	×	n	matrices,	then	tr(A	+	B)	=	tr(A)	+	tr(B).	Denote	the	largest	order	of	an	element	in	Sn	by	µ(n).	Conclude	that	the	sum	and	the	product	of	all	the	roots	of	f	(x)	lie	in	k.	(v)	If	R	is	a	domain	and	f	(x),	g(x)	∈	R[x]	are	nonzero,	then	deg(	f	g)	=	deg(	f	)	+	deg(g).	(ii)	Prove	that	the	matrix	of	T	#	relative	to	the	standard	basis	is	A#	=	[a	ji	].	Recall	the
game	whose	rules	are:	paper	dominates	rock,	rock	dominates	scissors,	and	scissors	dominates	paper.	This	is	a	contradiction.	111	Solution.	By	the	inequality	of	the	means,	[(a1	+	a2	+	·	·	·	+	an	)/n]n	≥	a1	·	·	·	an	and	[(1/a1	+	1/a2	+	·	·	·	+	1/an	)/n]n	≥	1/a1	·	·	·	1/an	.	(i)	Prove	that	differentiation	T	:	V3	→	V3	,	defined	by	T	(	f	(x))	=	f		(x),	is	a	linear
transformation,	and	find	the	matrix	A	=	X	3	[T	]	X3	of	differentiation.	,	vr	.	There	are	12	7	·	6	×	13	5	·	4	·	3	=	230	conjugates	of	α	in	S7	,	because	two	permutations	in	a	symmetric	group	are	conjugate	if	and	only	if	they	have	the	same	cycle	structure.	en		Since	(m	,	pn	)	=	1,	the	result	now	follows	from	Theorem	2.128.	(vi)	If	A	is	an	m	×	n	matrix,	then
Row(A	T	)	=	Col(A).	Therefore,	pa	=	0	for	all	a	∈	E;	that	is,	as	an	additive	abelian	group,	every	nonzero	element	in	E	has	order	p.	The	inequality	of	the	means	gives	1	3	(sin	θ	+	cot	θ	+	sec	θ)	≥	sin	θ	cot	θ	sec	θ.	This	contradicts	the	fact	that	at	least	one	of	a	or	b	is	odd.	We	claim	that	ker	ϕ	=	(	f	g).	73	(vi)	If	a	group	G	acts	on	a	set	X	,	and	if	x,	y	∈	X	,	then
there	exists	g	∈	G	with	y	=	gx.	2.21	True	or	false	with	reasons.	By	the	Euclidean	algorithm,	(1371,	123)	=	3,	and	so	[1371,	123]	=	56,	211.	2.123	Prove	that	the	group	UT(3,	I2	)	in	Example	2.150	is	isomorphic	to	D8	.	4n+2	+	52n+1	=	4	·	4n+1	+	52	·	52n−1	=	4	·	4n+1	+	(4	·	52n−1	−	4	·	52n−1	)	+	52	·	52n−1	=	4(4n+1	+	52n−1	)	+	52n−1	(52	−	4).
(vii)	If	k	is	a	field,	then	k[x]	=	k(x).	4.59	Let	R	be	a	commutative	ring.	19	Binomial	Coefficients.	(iv)	Prove	that	Gal(E	∗	/E)Gal(E	∗	/k)	and	Gal(E	∗	/k)/	Gal(E	∗	/E)	∼	=	Gal(E/k).	It	is	easy	to	see	that	0	◦	a	=	a	for	all	a	∈	R:	0	◦	a	=	0	+	a	−	0	·	a	=	a.	Therefore,	2	=	1	+	ε1	·	ε2	,	so	that	1	=	ε1	·	ε2	=	|ε1	||ε2	|	cos	θ	=	cos	θ,	where	θ	is	the	angle	between	ε1	and
ε2	(for	|ε1	|	=	1	=	|ε2	|).	If	{v0	,	v1	,	v2	,	v3	,	v4	}	are	the	vertices	of	a	regular	pentagon	π5	,	then	we	may	regard	the	symmetry	group	(π5	)	as	a	subgroup	of	S5	,	for	each	ϕ	∈	(π5	)	is	a	permutation	of	the	vertices	(see	Figure	2.15).	(v)	If	a	and	b	are	integers	and	pn	|	(a	−	b),	then	δ	p	(a,	b)	≤	p	−n	.	148	(ix)	The	alternating	group	A5	is	a	solvable	group.	27
Solution.	3.82	True	or	false	with	reasons.	ir	),	there	are	n	choices	for	i	1	,	n	−	1	choices	for	i	2	,	.	2.41	Let	G	be	a	group	and	let	a	∈	G	have	order	dk,	where	d,	k	>	1.	If	K	/k	is	a	field	extension	and	α	∈	K	,	then	k(α)	is	the	subfield	of	K	generated	by	k	and	α.	,	xn	]	be	an	n	×	n	tridiagonal	matrix.	We	do	not	give	the	calculations.	)	and	τ	=	(t0	,	t1	,	.	We	have
proved	that	if	the	last	digit	of	a	perfect	square	is	5,	then	its	last	two	digits	are	25.)	1.87	If	x	is	an	odd	number	not	divisible	by	3,	prove	that	x	2	≡	1	mod	24.	If	a	=	a		,	we	have	{a,	b}	=	{a		,	b	}	=	{a,	b	}.	Clearly,	ad	is	a	common	divisor	of	ab	and	ac.	Prove	that	det(A)	=	±1.	32	(iii)	243x	+	17	≡	101	mod	725.	sin	nx	=	2k	+	1	0≤k≤m	But	cos2(m−k)	x	=
(cos2	x)m−k	=	(1	−	sin2	x)m−k	,	and	so	we	have	expressed	sin	nx	as	a	polynomial	in	sin	x.	In	particular,	F	p	(α)	=	Fq	because	every	nonzero	element	in	Fq	is	a	power	of	α.	(ii)	If	H	and	K	are	solvable	groups,	prove	that	H	×	K	is	solvable.	These	operations	on	complex	numbers	have	exactly	the	same	properties.	a	0	=	1	=	b0	,	and	so	a	0	≤	b0	.	128	4.14
Let	k	be	a	field,	and	let	k	n	have	the	usual	inner	product.	Finally,	(1	2)(3	4)	has	15	conjugates	in	S5	.	x	≡	4	mod	5.	Since	R	×	is	finite,	Exercise	2.13	shows	that	every	µr	must	also	be	a	surjection.	But	∂(u)	=	∂(1)	and,	by	part	(i),	the	possibility	∂(r	)	<	∂(u)	cannot	occur.	If	(x,	k)K	∗	∈	(H	×K	)/K	∗	,	then	(x,	k)K	∗	=	(x,	1)K	∗	[recall	Lemma	2.82(i):	a	H	=	bH	if
and	only	if	b−1	a	∈	H	;	here,	(x,	1)−1	(x,	k)	=	(1,	k)	∈	K	∗	].	(See	Exercise	3.50.)	Solution.	Thus,	equality	holds	if	and	only	if	a	=	b	=	c,	which	is	to	say	T	is	equilateral.	2.136	Prove	that	A6	has	no	subgroups	of	prime	index.	(iii)	Find	the	roots	of	f	(x)	=	x	3	−	24x	2	−	24x	−	25.	It	is	offered	by	Alison,	an	online	learning	company	with	over	1,000	free	courses
supported	by	ads.	(ii)	7x	≡	4	mod	10.	It	is	shown,	in	part	(i),	that	−I	is	the	only	element	of	order	2.	Write	a	=	r	.	Otherwise,	f	(a)	has	finite	order	n	for	some	n,	and	so	the	isomorphism	f	−1	:	H	→	G	would	send	f	(a)		→	a	which	is	not	of	order	n,	contradicting	the	result	just	proven.	,	vn	is	an	orthonormal	basis,	then	w	=	i=1	ci	vi	.	The	quadratic	formula
applied	to	each	of	the	two	factors	gives	the	desired	roots:	√	√	−3,	−1,	2	+	6,	2	−	6.	2.113	If	G	is	a	group	and	x,	y	∈	G,	define	their	commutator	to	be	x	yx	−1	y	−1	,	and	define	the	commutator	subgroup	G		to	be	the	subgroup	generated	by	all	the	commutators.	(iii)	The	zero	ring	is	a	subring	of	Z.	(ix)	If	a	permutation	α	is	a	product	of	3	transpositions,
then	it	cannot	be	a	product	of	5	transpositions.	Proceed	for	the	pentagon	as	we	did	for	the	square	in	Example	2.139.	One	can	also	prove	this	directly,	by	induction	on	n	≥	0.	In	the	notation	(i	1	i	2	.	But	d	got	into	D	by	being	in	every	Ni	.	Solution.	The	condition	is	that	there	should	be	a	polynomial		g(x)	=	bn	x	n	with	f	(x)	=	g(x	p	);	that	is,	f	(x)	=	an	x	np	p
and	bn	=	an	for	all	n.	Now	2	has	order	4:	#2$	=	1,	2,	4,	8,	and	11	has	order	2.	By	the	first	axiom	in	the	definition	of	degree,	∂(1)	≤	∂(1	·	r	)	=	∂(r	).	Here	is	the	two-rowed	notation	for	f	:			0	1	2	3	4	5	6	7	8	9	10	.	Hence	√	t	cos	θ	≈	20	cos	27◦	≈	4.47	×	.891	≈	3.98.	A	basis	consists	of	the	matrices	E	i	j	which	have	entry	1	in	position	i	j	and	all	other	entries
0.	Define			cos	α	−	sin	α	ϕ:	A	=		→	(cos	α,	sin	α).	We	prove	the	inequality	by	induction	on	n	≥	1.	(i)	If	i	=	j	and	r	∈	R,	prove	that	di	(r	α	j	)	=	0.	33	1.82	(i)	Prove	that	10q	+r	is	divisible	by	7	if	and	only	if	q	−	2r	is	divisible	by	7.	If	A	=	ac	db	,	define	det(A)	=	ad	−	bc.	If	h	∈	H	,	then	π(h)	=	h	K	∈	G/K	has	order	n,	say;	by	Exercise	2.60,	n	|	|H	|	=	|K	|.	In	S5	,
there	are	12	(5	×	4)	=	10	transpositions	and	1	1	1	2	[	2	(5	×	4)	×	2	(3	×	2)]	=	15	products	of	two	disjoint	transpositions	(the	extra	factor	(a	b)(c	d)	=	(c	d)(a	b)	not	be	counted	twice).	Now	a	=	da		and	m	=	dm		,	by	hypothesis,	and	so	da		xo	−	b	=	dm		y.	First,	we	show	that	g	is	a	homomorphism.	Since	α	2	is	always	an	even	permutation,	we	have	α	2	∈	H
∩	An	for	all	α	∈	Sn	.	5.32	(i)	If	k	=	F	p	(t),	the	field	of	rational	functions	over	F	p	,	prove	that	x	p	−	t	∈	k[t]	has	repeated	roots.	Since	k	is	a	field,	d	is	a	unit,	and	so	(x,	y)	=	(d)	=	k[x,	y],	a	contradiction.	n		For	the	inductive	step,	let	|	n+1	j=1	ε	j	|	<	n,	j=1	ε	j	|	=	n	+	1.	Since	1	=	(x	y)2	=	x	yx	y,	we	have	x	y	=	y	−1	x	−1	=	yx.	1.66	(i)	Show	that	(a,	b,	c),	the
gcd	of	a,	b,	c,	is	equal	to	(a,	(b,	c)).	Here	is	the	statement.	(ii)	If	a	≡	b,	prove	that	(a)	=	(b),	where	(a)	=	{ra	:	r	∈	R}.	3.39	If	R	is	a	commutative	ring,	define	R[[x]]	to	be	the	set	of	all	formal	power	series	over	R.	In	the	first	case,	we	obtain	c	+	b	=	10	cb	=	1.	(i)	Prove	that	A	+	B	=	(A	∪	B)	−	(A	∩	B).	,	vn	is	an	orthonormal	basis.	Prove	that			(2,	R)	is	a
subgroup	of	GL(2,	R).	If	G	=	S3	,	H	=	#(1	2)$,	and	K	=	#(1	3)$,	then	H	∪	K	is	not	a	subgroup	of	G,	for	(1	2)(1	3)	=	(1	3	2)	∈	/	H	∪	K.	17,	−	12	±	i	5.2	(i)	√	3	2	.	Suppose	each	hole	has	at	most	one	pigeon	in	it.	And	even	if	one	makes	a	bona	fide	definition,	the	function	is	not	a	homomorphism.	Let	C	be	the	number	of	coconuts.	(iii)	Prove	that	if	G	=	Gal(Fq
/F	p	),	then	|G|	≤	n.	Here,	G	=	#τ	$,	where	τ	=	(1	n)(2	n	−	1)	·	·	·	(k	k	+	1)	if	n	=	2k,	and	τ	=	(1	n)(2	n	−	1)	·	·	·	(k	−	1	k	+	1)(k)	if	n	=	2k	+	1.	(v)	Use	the	ring	R/(u)	to	prove	that	R	is	not	a	Euclidean	ring.	As	we	mentioned	in	the	exercise,	the	only	reason	to	assume	that	a	>	0	is	to	guarantee	that	a(b,	c)	be	positive.	It	follows	that	(g	◦	f	)(x)	=	g(	f	(x))	=	g(y)
=	z,	and	so	g	◦	f	is	surjective.	(ii)	If	k,		are	in	I	,	then	k	+		is	in	I	:	If	k,		are	in	I	,	then	ζ	k	=	1	=	ζ		,	so	that	1	=	ζ	k	ζ		=	ζ	k+	;	hence,	k	+		is	in	I	.	2.121	(i)	Prove	that	A4	∼	=	D12	.	But	f	∗	(x)	=	3x	+	1	and	g	∗	(x)	=	x	2	+	1,	so	that	f	∗	(x)g	∗	(x)	is	a	cubic.	(ii)	If	I	is	a	proper	ideal	in	a	commutative	ring	R	and	π	:	R	→	R/I	is	the	natural	map,	then	π	is
surjective.	Assume	that	x	−	a	|	f	(x).	Prove	that	the	BCH	code	of	length	m	+	1	over	F2	having	generating	polynomial	x	−	1	is	the	[m	+	1,	m]	parity	check	code.	2.89	(i)	Prove	that	A3	is	the	only	subgroup	of	S3	of	order	3.	Prove	that	if	both	|H	|	and	|G/H	|	are	powers	of	p,	then	|G|	is	a	power	of	p.	(ix)	Transposition	Matm×n	(C)	→	Matn×m	(C),	given	by	A	
→	A	T	,	is	a	nonsingular	linear	transformation.	is	divisible	by	7.	Thus,	it	suffices	to	prove	that	G	is	closed	under	multiplication.	(ii)	Prove	that	an	infinite	simple	group	has	no	subgroups	of	finite	index	n	>	1.	We	note	that	n	>	1	because	(F2	,	F1	)	=	(1,	1)	=	1,	and	so	n	−	1	≥	1.	84	3.7	(i)	If	X	is	a	set,	prove	that	the	Boolean	group	B(X	)	with	elements	the
subsets	of	X	and	addition	given	by	symmetric	difference,	U	+	V	=	(U	−	V	)	∪	(V	−	U	),	is	a	commutative	ring	if	one	defines	multiplication	by	U	V	=	U	∩	V	.	28	Solution.	2.86	Recall	that	the	group	of	quaternions	Q	(defined	in	Example	2.98)	consists	of	the	8	matrices	in	GL(2,	C),	Q	=	{I,	A,	A2	,	A3	,	B,	B	A,	B	A2	,	B	A3	},	0	1	0	i	where	A	=	−1	0	and	B	=	i	0
.	with	S(2n)	true	for	all	n	≥	1	and	with	S(2n	−	1)	false	for	every	n	≥	1.	The	first	isomorphism	theorem	now	gives	k[x]/(	f	(x)g(x))	=∼	=	k[x]/(	f	(x))	×	k[x]/(g(x)).	132	(ii)	Every	matrix	over	R	is	similar	to	infinitely	many	different	matrices.	You	may	assume		that	n=0	ar	=	a/(1	−	r	)	if	0	≤	r	<	1.	4.48	If	O	is	an	orthogonal	matrix,	prove	that	det(O)	=	±1.	4.35
Let	V	and	W	be	vector	spaces	over	a	field	k,	and	let	S,	T	:	V	→	W	be	linear	transformations.	1.60	If	a	and	b	are	relatively	prime	and	if	each	divides	an	integer	n,	prove	that	their	product	ab	also	divides	n.	We	now	prove	the	result	by	induction	on	k	≥	1.	,	q)	=	12	(q	n	+	q	[n/2]	).	51	0	1	2.42	Let	G	=	GL(2,	Q),	and	let	A	=	01	−1	0	and	B	=	−1	1	.	3.75	If	k	is
a	field,	show	that	the	ideal	(x,	y)	in	k[x,	y]	is	not	a	principal	ideal.	3.31	Let	k	be	a	field	and	let	A	be	an	n	×	n	matrix	with	entries	in	k	(so	that	the	powers	Ai	are	defined).	1.47	Given	integers	a	and	b	(possibly	negative)	with	a	=	0,	prove	that	there	exist	unique	integers	q	and	r	with	b	=	qa	+	r	and	0	≤	r	<	|a|.	(iii)	⇒	(i).	Then	n	1	,	n	2	,	n	3	intersect	in	a
point.	√	(ii)	Is	R	=	{	12	(a	+	b	2)	:	a,	b	∈	Z}	a	domain?	4.55	If	A	is	an	m	×	n	matrix	over	a	field	k,	prove	that	rank(A)	≥	d	if	and	only	if	A	has	a	nonsingular	d	×	d	submatrix.	T	2	a	N	C	r	r	O	r	S	6	E	Figure	5.7	The	Castle	Problem	(i)	Prove	that	the	radius	r	of	the	castle	is	a	root	of	the	cubic	X	3	+	X	2	−	36.	But	the	quadratic	formula	gives	b	=	5	±	2	6,	which
is	irrational.	5.28	We	are	going	to	improve	Theorem	5.34	by	eliminating	the	hypothesis	involving	roots	of	unity:	if	k	is	a	field	and	f	(x)	∈	k[x]	is	solvable	by	radicals,	then	its	Galois	group	Gal(E/k)	is	a	solvable	group.	1	d	+a	Subtract	a	COL	(2)	from	COL	(2)	to	obtain	COL	(3),	d	2	+	da	+	a	2	and	then	subtract	a	COL	(1)	from	æé	1	b	çê	det(V	)	=	(b	−	a)(c	−
a)(d	−	a)	det	èë1	c	1	d	The	last	matrix	is	a	3	×	3	Vandermonde	matrix.	(ii)	Generalize	Corollary	2.131	by	proving	that	if	the	prime	factorization	of	an	integer	m	is	m	=	p1e1	·	·	·	pnen	,	then	U	(Im	)	∼	=	U	(I	pe1	)	×	·	·	·	×	U	(I	pnen	).	2.18	Let	f	:	X	→	Y	be	a	function.	(iii)	Prove	that	A	+	∅	=	A.	By	the	“division	algorithm”	in	R,	there	are	q,	r	∈	R	with	1	=	qu
+	r	,	where	either	r	=	0	or	∂(r	)	<	∂(u).	(ii)	Prove	that	if	a	normal	subgroup	H		An	contains	a	3-cycle,	where	n	≥	5,	then	H	=	An	.	The	proof	using	linear	transformations	is	much	shorter	and	much	simpler.)			ζ	0	2.85	Let	ζ	=	e2πi/n	be	a	primitive	nth	root	of	unity,	and	define	A	=	0	ζ	−1	and	B	=	01	10	.	But	the	right	side	is	a1	·	·	·	an	(1/a1	)	·	·	·	(1/an	)	=	1,
so	that	(a1	+	a2	+	·	·	·	+	an	)/n]n	[(1/a1	+	1/a2	+	·	·	·	+	1/an	)/n]n	≥	1.	It	follows	that	im	f	=	Y	,	for	there	can	be	no	elements	in	Y	outside	of	im	f	,	lest	Y	have	more	than	n	elements.	3.35	Let	α	∈	C,and	let	Z[α]	be	the	smallest	subring	of	C	containing	α;	that	is,	Z[α]	=	S,	where	S	ranges	over	all	those	subrings	of	C	containing	α.	Matrix	multiplication	is
associative,	and	it	is	easy	to	see	that	the	finite	set	G	=	X	∪	Y	is	closed	under	inverses:	if	M	∈	G,	then	M	−1	∈	G.	(ii)	Prove	that	a	subfield	F	of	k	is	the	prime	field	of	k	if	and	only	if	it	is	the	smallest	subfield	of	k	containing	R;	that	is,	there	is	no	subfield	F		with	R	⊆	F		F.	The	proof	is	a	straightforward	induction	on	n	≥	1,	the	base	step	being	part	(i).	The	set
R[x]	is	a	subset	of	R[[x]],	for	every	polynomial	over	R	is	a	formal	power	series	that	is	eventually	0.	There	are	many	proofs	of	this.	Let	u	=	a0	+	a1	x	+	a2	x	2	+	·	·	·	.	(vii)	Every	permutation	of	the	vertices	v1	,	v2	,	v3	,	v4	of	a	square	π4	is	the	restriction	of	a	symmetry	of	π4	.	A	cyclic	group	of	order	6	is	not	congruent	to	S3	,	for	the	former	is	abelian	and
S3	is	not.	Note	first	that	B	∈	/	#A$,	for	every	matrix	in	#A$	is	diagonal	and	B	is	not	diagonal.	εj	≤	j=1	j=1	Solution.	5.31	Let	k	be	a	field	of	characteristic	p.	(iii)	Let	f	(x)	=	a0	+	a1	x	+	a2	x	2	+	·	·	·	+	an	x	n	∈	k[x],	and	let	yi	=	f	(u	i	).	,	an	if	and	only	if	it	is	a	common	multiple	of	a1	,	a2	,	.	n	Solution.	(i)	Every	algebraically	closed	field	contains	n	distinct
nth	roots	of	unity,	where	n	≥	1.	How	many	regular	permutations	are	there	in	S8	?	The	proof	is	a	straightforward	calculation:	note	that	the	formula	for	the	inverse	is	needed.	because	p	being	a	prime	implies	that	there	is	no	divisor	d	of	d	2	k	with	dk	<	d	<	d	2	k.	(ii)	Prove	that	if	k	is	a	field,	then	a	nonzero	formal	power	series	σ	∈	k[[x]]	is	a	unit	if	and
only	if	ord(σ	)	=	0;	that	is,	if	its	constant	term	is	nonzero.	If	G	is	a	finite	group	with	subgroup	H	,	then	[G	:	H	]	=	|G|/|H	|.	By	the	Cayley-Hamilton	theorem,	An	=	0,	and	so	A	is	nilpotent.	Prove	n	that	p		r	.	Thus,	∂(bi	)	≤	∂(r	)	<	∂(bi+1	).	If	σ	is	a	product	of	disjoint	transpositions,	then	V	≤	H	.	b2	ùö	ú	c2	ûø	.	36	1.96	Let	m,	m		be	positive	integers,	let	d	=	(m,
m		),	and	let	b	≡	b	mod	d.	As	in	part	(i),	this	is	a	straightforward	induction	on	n	≥	2.	48	(ii)	Give	an	example	of	two	permutations	α	and	β	for	which	(αβ)2	=	α2β	2.	In	the	words	of	Example	4.5,	H	=	u	⊥	,	and	so	H	is	a	subspace	of	R3	.	For	the	inductive	step,	(αβ)k+1	=	αβ(αβ)k	=	αβα	k	β	k	(inductive	hypothesis)	=	αα	ββ	(proof	above)	k	=α	β	k	k+1	k+1	.
Assume	that	4	=	a/b,	where	(a,	b)	=	1.	Find	the	minimum	number	of	coconuts	originally	present.	This	contradicts	n	being	the	smallest	index	for	which	(Fn+1	,	Fn	)	=	1.	Therefore,	pr	−	i	=	pe	(	pr	−e	−	j).	Conclude	that	the	order	of	x	is	larger	than	the	order	of	a.	We	have	[S3	:	H	]	=	6/2	=	3,	and	g	3	=	g	∈	/	H.	2.132	Let	X	=	{1,	2,	3,	.	151	(ii)	Find	the
Galois	group	of	f	(x)	=	x	3	−	2	∈	Q[x].	3.76	For	every	m	≥	1,	prove	that	every	ideal	in	Im	is	a	principal	ideal.	Conclude	that	SL(2,	k)		GL(2,	k)	and	GL(2,	k)/	SL(2,	k)	∼	=	k×.	5.7	Assume	that	0	≤	3α	<	360◦	.	If	f	(x)	=	c0	+	c1	x	+	·	·	·	+	cm	x	m	∈	k[x],	define	f	(A)	=	c0	I	+	c1	A	+	·	·	·	+	cm	Am	.	Prove	that	E	∗	is	a	splitting	field	of	f	(x)	over	k	∗	,	and
conclude	that	Gal(E	∗	/k	∗	)	is	solvable.	Prove	that	G	is	not	simple.	√	Solution.	Let	A	be	Gaussian	equivalent	to	an	echelon	matrix	U	,	so	that	there	is	a	nonsingular	matrix	P	with	P	A	=	U	.	(vi)	F2	(x)	=	Frac(F2	[x])	is	an	infinite	field	of	characteristic	2.	Use	Table	4.1	in	Example	4.127.	(iii)	Prove	that	every	normal	subgroup	H	of	a	group	G	is	a	union	of
conjugacy	classes	of	G,	one	of	which	is	{1}.	(ii)	If	X	=	v1	,	.	Prove	that	(ei	,	e	j	)	=	δi	j	for	all	i,	j,	where	δi	j	is	the	Kronecker	delta.	By	part	(i),	n		n		n		n		−	+	−	···	±	=	0.	If	q	and	p	exist,	then	we	have	q	2	+	p2	=	34503301	q	2	−	p2	=	19597501.	(v)	If	a	and	b	are	relatively	prime,	then	(a	2	,	b2	)	=	1.	2.70	(i)	Show	that	every	group	G	with	|G|	<	6	is	abelian.
Hence,	either	a	2	=	12	or	a	2	=	8,	each	of	which	forces	a	to	be	irrational.	The	proof	is	by	induction	on	k.	,	At	and	B1	,	.	Hence,	if	ab	is	a	square,	then	all	the	exponents	ei	in	ab	=	p1e1	·	·	·	pnen	are	even,	and	hence	all	the	exponents	arising	from	the	primes	in	a	(or	in	b)	are	even	as	well.	sin	15.5◦	≈	.267	and	cos	15.5◦	≈	.967.	(i)	Prove	that	Q	is	a
nonabelian	group	with	operation	matrix	multiplication.	There	are	four	cases.	Prove	that	m	−	m		is	a	multiple	of	9.	In	particular,	G	must	contain	an	element	of	order	2.	(viii)	Every	group	of	order	100	contains	an	element	of	order	5.	Prove	that	the	circle	operation	is	associative	and	that	0	◦	a	=	a	for	all	a	∈	R.	H.	(iii)	How	many	bracelets	are	there	with
exactly	6	beads	having	1	red	bead,	2	white	beads,	and	3	blue	beads?	See	Example	4.127.	Conversely,	if	m	=	p12e1	·	·	·	pn2en	,	then	m	=	a	2	,	where	a	=	p1e1	·	·	·	pnen	.	(ii)	For	numbers	a	and	b,	prove	that	a	n	−	bn	=	(a	−	b)(a	−	ζ	b)(a	−	ζ	2	b)	·	·	·	(a	−	ζ	n−1	b)	and,	if	n	is	odd,	that	a	n	+	bn	=	(a	+	b)(a	+	ζ	b)(a	+	ζ	2	b)	·	·	·	(a	+	ζ	n−1	b).	The	result	is
easy	if	either	a	=	0	or	b	=	0.	(iv)	We	prove	that	(	f	n	)	=	n	f	n−1	f		by	induction	on	n	≥	1.	1.19	If	Fn	denotes	the	nth	term	of	the	Fibonacci	sequence,	prove	that	m		Fn	=	Fm+2	−	1.	(iv)	0	|	6.	Show	that	a	root	π	of	p(x)	is	a	primitive	element	of	E	by	writing	every	nonzero	element	of	E	as	a	power	of	π.	It	is	straightforward	to	check	that	F	is	a	subring	of	C,
and	so	it	is	a	commutative	ring;	it	is	a	field	because	the	inverse	of	a	+	bi	is	r	−1	(a	−	bi)	∈	F,	where	r	=	a	2	+	b2	.	Suppose,	on	the	contrary,	that	n	is	rational,	where	n	is	squarefree;	that	is,	√	n	=	a/b.	For	the	reverse	inclusion,	if	a	∈	ker	ϕ,	then	[a]	f	=	[0]	f	and	[a]g	=	[0]g	;	that	is,	a	∈	(	f	)	and	a	∈	(g);	that	is,	f	|	a	and	g	|	a.	If	A	and	B	are	skew-symmetric,
then	(A	+	B)T	=	A	T	+	B	T	=	−A	−	B	=	−(A	+	B),	and	if	α	is	a	scalar,	then	(α	A)T	=	α(A	T	)	=	−α	A.	If	f		(x)	=	0,	then	any	nonzero	term	ai	x	i	of	f	(x)	gives	the	term	iai	x	i−1	;	if	p		ai	,	however,	iai	=	0,	and		then	pj	,	then	f		(x)	=	b	x	so	f		(x)	=	0.	When	n	=	1,	we	interpret	the	left	side	to	mean	1.	The	cancellation	law	can	be	restated:	for	each	r	∈	R	×	,	the
function	µr	:	R	×	→	R	×	,	defined	by	µr	:	x		→	r	x,	is	an	injection	R	×	→	R	×	.	Thus,	x	=	.	For	the	reverse	inclusion,	if	σ	∈	k[[x]]	is	nonzero,	then	σ	=	bn	x	n	+	bn+1	x	n+1	+	·	·	·	=	x	n	w,	where	n	≥	m	and	w	=	bn	+	bn+1	x	+	·	·	·	.	i+	j	=	m	It	follows	that		b	p−i	cq−	j	=	an−(n−m)	=	ak	.	Observe	that	(i)	If	k	is	in	I	and	u	is	in	Z,	then	uk	is	in	I	:	If	k	is	in	I	,	then
ζ	k	=	1.	If	α	=	(1),	then	it	moves	some	i;	say,	αi	=	j	=	i.	By	Theorem	1.15,	we	have	Fn	=	m		Fn	=	n=1	m		√1	(α	n	5	√1	(α	n	5	−	β	n	)	for	all	n.	Since	every	subgroup	of	an	abelian	group	is	a	normal	subgroup,	W	is	a	normal	subgroup	of	V.	Use	De	Moivre’s	theorem	to	find	cube	roots	of	−2	+	2i:	(1	+	i)3	=	−2	+	2i.	Now	(x	−	a)k(x)	=	f		(x)	=	((x	−	a)g)	=	g	+
(x	−	a)g		,	and	so	x	−a	|	g;	that	is,	g(x)	=	(x	−a)(x).	This	is	a	straightforward	proof	by	induction	on	n	≥	0.	If	S	is	the	subset	consisting	of	all	the	positive	integers,	then	S	satisfies	the	new	axioms,	but	it	is	not	a	subring	because	it	is	not	closed	under	subtraction:	for	example,	S	does	not	contain	1	−	2.	Rewrite	what	has	to	be	shown:	f		(x)	=	n+1	g		(x)	f	(x)		j
j=1	g	j	(x)	.	pjb	x	j	j		(ii)	If	k	is	finite	and	f	(x)	=	i	ai	x	i	∈	k[x],	prove	that	f		(x)	=	0	if	and	only	if	there	is	g(x)	∈	k[x]	with	f	(x)	=	g(x)	p	.	It	covers	the	language	skills	you	need	to	communicate	effectively	with	professionals	in	fields	such	as	human	resources,	marketing,	and	sales.You	will	learn	and	practice	English	conversation	skills	in	the	context	of	a
professional	setting.	60	2.81	Define	W	=	#(1	2)(3	4)$,	the	cyclic	subgroup	of	S4	generated	by	(1	2)(3	4).	Conclude	that	if	G	is	not	abelian,	then	G/Z	(G)	is	never	cyclic.	(n	+	1)2	=	(nω	+	εn+1	)	·	(nω	+	εn+1	)	=	n	2	+	2nω	·	εn+1	+	1,	so	that	ω	·	εn+1	=	1.	In	S6	,	there	are	12	(6	×	5)	=	15	transpositions,	1	1	1	2	[	2	(6	×	5)	×	2	(4	×	3)]	1	2	so	that	=	45
products	of	two	disjoint	transpositions,	and	1	1	1	1	6	[	2	(6	×	5)	×	2	(4	×	3)	×	2	(2	×	1)]	=	15	products	of	three	disjoint	transpositions.	p	n	Solution.	f	(x)	has	no	rational	roots,	for	the	only	candidates	are	±1.	If	sb	+	tc	=	d,	then	asb	+	atc	=	ad,	and	k	|	ad	because	it	divides	each	of	the	summands	on	the	left.	(iii)	Q[x]	is	a	field.	2.125	(i)	Show	that	there
are	two	conjugacy	classes	of	5-cycles	in	A5	,	each	of	which	has	12	elements.	(ii)	Every	group	is	abelian.	Since	a	∈	(b),	there	is	r	∈	R	with	a	=	r	b;	since	b	∈	(a),	there	is	s	∈	R	with	b	=	sa.	2.128	Prove	that	(A10	)	=	A10	,	where	G		denotes	the	commutator	subgroup	of	a	group	G.	Hence	3θ	≈	80◦	and	θ	≈	27◦	.	If	a		∈	A	and	b	∈	B,	prove	that	(a		,	b	)	=	(a,	b)
if	and	only	if	a		=	a	and	b	=	b.	Conclude,	using	Exercise	2.44,	that	G	must	be	abelian.	Thus,	the	binomial	theorem	really	holds	for	commutative	rings.)	1.30	Show	that	the	binomial	coefficients	are	“symmetric”:	n			n		=	r	n	−r	for	all	r	with	0	≤	r	≤	n.	,	n	−	1.	No.	4.30	(i)	Prove	that	an	n	×	n	matrix	A	over	a	field	k	is	nonsingular	if	and	only	if	it	is	Gaussian
equivalent	to	the	identity	I	.	1−β	Now	α(α	−	1)	=	1,	so	that	1/(1	−	α)	=	−α;	similarly,	1/(1	−	β)	=	−β.	Thus,	there	are	4	solutions:	[1],	[8],	[13],	and	[20].	√	(ii)	Prove	that	if	m	is	a	positive	integer	for	which	m	is	rational,	then	m	is	√	a	perfect	square.	(iii)	Prove	that	Gal(E/k)	=	{1}.	Let	f	:	G	→	H	be	an	isomorphism.	(In	contrast	to	the	definition	of	subring,
we	are	now	assuming	a	+	b	∈	S	instead	of	a	−b	∈	S.)	Give	an	example	of	a	commutative	ring	R	containing	such	a	subset	S	which	is	not	a	subring	of	R.	It	is	clear	that	x	d	k	=	(x	d	)dk	=	a	dk	=	1;	thus,	the	order	of	x	is	a	divisor	of	d	2	k.	The	unit	in	B(Y	)	is	Y	.	A(B	+	C)	=	A	∩	[(B	−	C)	∪	(C	−	B)]	=	[A	∩	(B	−	C)]	∪	[A	∩	(C	−	B)]	=	[A	∩	B	∩	C		]	∪	[A	∩	C	∩	B
	].	The	usual	isomorphism	between	linear	transformations	and	matrices	(done	in	general	in	Chapter	4)	exists	here.	By	Proposition	2.59,	every	isometry	fixing	the	origin	is	a	linear	transformation.	Hence	ab	p	=	p−e−	f	=	p	−e	p−	f	=	a	p	b	p	.	X	Y	≤	G.	117	Solution.	f	(x)	≡	x	3	+	x	+	1	mod	2.	,	x	n	is	a	basis	of	Vn	,	and	conclude	that	dim(Vn	)	=	n	+	1.	and
so	b2	≡	(5	+	10q)2	mod	100.	(ii)	State	and	prove	the	first	isomorphism	theorem	for	vector	spaces.	We	now	make	this	cubic	(in	j	2	)	reduced	with	the	substitution	j	2	=	y	+	10,	obtaining	F(y)	=	y	3	−	51y	+	90.	3.71	Let	R	be	a	Euclidean	ring	with	degree	function	∂,	and	assume	that	b	∈	R	is	neither	zero	nor	a	unit.	(ii)	Prove	that	sinh(3θ)	=	4	sinh3	(θ)	+	3
sinh(θ).	By	part	(ii),	|(2,	F3	)|	=	6.	1.101	(i)	Show	that	1987	had	three	Friday	13s.	As	the	gcd(m,	n)	=	1,	the	element	x	has	order	1	and	so	x	=	1.	Just	put	those	coefficients	with	negative	coefficient	on	the	other	side	of	the	equation.	Denote	two	elements	in	X	by	0	and	1.	Now	compute	the	area	using	An	=	Bn	.	Extend	a	basis	B	of	U	to	a	basis	B	∪	C	of	V	,
and	show	that	V	=	U	⊕	#C$.	If	R	is	a	field,	then	every	nonzero	element	is	a	unit	in	R;	that	is,	there	is	v	∈	R	with	uv	=	1.	March	1,	1896,	fell	on	a	Sunday,	and	so	February	29,	1896,	fell	on	a	Saturday.	n	1.11	Derive	the	formula	for	i=1	i	by	computing	the	area	(n	+	1)2	of	a	square	with	sides	of	length	n	+	1	using	Figure	1.1.	Solution.	Conclude	that	|G|	=
2n	and	that	G	∼	=	D2n	.	3.37	Assume	that	(x	−	a)	|	f	(x)	in	R[x].	Therefore,	ker	γ	⊇	α(ker	β).	As	S4	is	generated	by	the	transpositions,	we	have	H	=	S4	.	Since	a	=	1,	we	may	cancel	1	−	a,	and	this	gives	the	contradiction	c	=	1.	112	(vi)	If	f	(x)	is	a	polynomial	over	a	field	K	whose	factorization	into	a	constant	and	monic	irreducible	polynomials	in	K	[x]	is	f
(x)	=	ap1e1	·	·	·	pnen	,	and	if	all	the	coefficients	of	f	(x)	and	of	the	polynomials	pi	(x)	lie	in	some	subfield	k	⊆	K	,	then	f	(x)	=	ap1e1	·	·	·	pnen	is	also	the	factorization	of	f	(x)	in	k[x]	as	a	product	of	a	constant	and	monic	irreducible	polynomials.	By	Exercise	3.94,	f	f		|	c	−	d,	and	so	c	−	d	∈	(	f	f		).	Taking	degrees	in	each	variable,	degx	(d)	≤	1	and	deg	y	(d)	≤
1,	and	so	d(x,	y)	=	ax	+	by	+	c,	for	110	some	constant	c.	It	is	clear	that	F(1)	=	1	and	F(ab)	=	F(a)F(b).	Hence,	70	x	y	−1	=	h		k		(hk)−1	=	h		k		k	−1	h	−1	.	,	αn	).	(v)	No	polynomial	of	degree	≥	5	in	Q[x]	is	solvable	by	radicals.	Hence,	if	H	≤	K	,	then	[G	:	K	][K	:	H	]	=	(|G|/|K	|)	·	(|K	|/|H	|)	=	|G|/|H	|	=	[G	:	H	].	3.95	Generalize	Exercise	3.84	by	proving	that	if
k	is	a	field	of	characteristic	0	and	if	p(x)	∈	k[x]	is	an	irreducible	polynomial,	then	p(x)	has	no	repeated	roots.	i∈I	i∈I	Solution.	(iii)	R	is	a	splitting	field	of	x	2	−	5	over	Q.	Define	R	=	{(x,	x)	:	0	≤	x	≤	12	}.	Base	Step.	It	now	follows	that	the	two	gcd’s	are	equal.	Since	|G|	is	even,	we	have	|Y	|	even.	Hence,	if	f		(x)	=	0,	then	deg(	f		)	<	n.	Therefore,	PG	(x1	,	.	f
f	em	and	h	=	p1	1	·	·	·	pmm	,	where	3.83	In	k[x],	where	k	is	a	field,	let	g	=	p1e1	·	·	·	pm	the	pi	’s	are	distinct	monic	irreducibles	and	ei	,	f	i	≥	0	for	all	i.	Every	subfield	of	C	contains	1,	hence	contains	Z,	and	hence	contains	Q,	for	it	must	contain	the	multiplicative	inverse	of	every	nonzero	integer.	Let	I	be	an	ideal	in	Im	.	If	s	∈	S,	then	(	f	◦	i)(s)	=	f	(s)	=	(	f
|S)(s).	2.90	(ii)	Prove	that	A4	is	the	only	subgroup	of	S4	of	order	12.	1.18	Prove	that	Fn	<	2n	for	all	n	≥	0,	where	F0	,	F1	,	F2	,	.	If	a	∈	F	p	,	Fermat’s	theorem	gives	a	p	=	a,	and	so	f	(a)	=	a	p	−	a	=	0.	149	Solution.	If	x0	is	a	solution	of	ax	≡	b	mod	m,	then	ax0	−	b	=	my	for	some	integer	y.	For	example,	1	∼	1.	Therefore,	(A10	)	=	A10	.	([2]x	+	[1])2	=	[4]x
2	+	[4]x	+	[1]	=	[1]	in	I4	[x].	(viii)	The	alternating	group	A4	is	a	solvable	group.	be	the	list	of	the	primes	in	ascending	order:	p1	=	2,	p2	=	3,	p3	=	5,	and	so	forth.	Therefore,	r	=	0	and	u	is	a	unit,	for	1	=	qu.	(vi)	If	σ	∈	Sn	is	an	r	-cycle,	then	ασ	α	−1	is	an	r	-cycle	for	every	α	∈	Sn	.	2.22	Find	sgn(α)	and	α	−1	,	where			1	2	3	4	5	6	7	8	9	α=	.	For	the	inductive
step,	use	parts	(i)	and	(ii).	75	Solution.	False.	1.20	Prove	that	4n+1	+	52n−1	is	divisible	by	21	for	all	n	≥	1.	2.108	Let	G	be	a	group	and	regard	G	×	G	as	the	direct	product	of	G	with	itself.	Therefore,	{a,	b}	−	{a}	=	{a,	b	}	−	{a}.	(ii)	Prove	that	all	the	rotations	of	the	plane	about	the	origin	form	a	group	under	composition	which	is	isomorphic	to	S	O(2,
R).	If	x	is	to	be	odd,	then	x	≡	0	mod	3	or	x	≡	2	mod	3;	looking	at	x	mod	8,	the	hypothesis	eliminates	those	x	with	x	2	≡	0	mod	8	or	x	2	≡	4	mod	8.	Set	Q	=	−15,	R	=	−20,	and	S	=	−6.	But	C	=	−4	is	a	solution	of	this	congruence,	and	so	C	≡	−4	mod	3125;	that	is,	every	number	of	the	form	3125k	−	4	is	a	solution.	6x	+	3	≡	1	mod	10	is	the	same	problem	as
6x	≡	8	mod	10.	If	V	<	H	,	then	H	contains	some	σ	that	is	not	a	product	78	of	disjoint	transpositions,	and	the	analysis	above	shows	that	H	=	A4	or	H	=	S4	.	(10)	in	the	proof	of	Theorem	5.10	are	thus	20	=	−4	2m	=	16	−	15	−	4	20	=	6.	Hence,	γ	(b)	=	γ	◦	α(a)	=	β(a)	=	1.	As	in	part(i),	if	f	(x)	has	this	form,	then	f		=	0.	We	may	assume	that	p(x)	is	monic.	.;
there	are	two	possible	solutions	mod10,	namely,	x	≡	3	mod	10	and	x	≡	8	mod	10.	Conclude	that	correcting	a	transmitted	word	by	choosing	the	codeword	nearest	to	it	may	not	be	well-defined.	If	a	=	b,	the	the	left	side	is	{b},	and	so	the	right	side	is	nonempty	and	is	equal	to	{b	}.	If	n	=	1,	then	4n+1	+	52n−1	=	16	+	5	=	21,	which	is	obviously	divisible
by	21.	In	particular,	det(−A)	=	(−1)n	det(A).	Thus,	x	is	not	a	multiple	of	3,	while	the	candidates	from	the	other	congruences	are	1,	8,	15,	and	6,	13,	20.	(vii)	If	R	is	an	infinite	commutative	ring,	then	U	(R)	is	infinite.	Hence,	m	1	m	2	=	−1	⇔	−1	=	(b/a)(d/c)	⇔	b/a	=	−c/d	⇔	ac	=	−bd	⇔	ac	+	bd	=	0	⇔	v1	·	v2	=	0	⇔	1	and	2	are	perpendicular.	Since	ker	ρ	is	a
normal	subgroup,	and	since	the	only	normal	subgroups	of	G	are	{1}	and	G,	it	follows	that	ker	ρ	=	{1}	and	ρ	is	an	injection.	3.86	True	or	false	√	with	reasons.	We	must	show	that	gdg	−1	∈	D	whenever	d	∈	D.	If	R	=	F2	,	subtraction	is	the	same	as	addition,	and	so	it	is	associative.	2.33	Give	an	example	of	α,	β,	γ	∈	S5	,	none	of	which	is	the	identity	(1),
with	αβ	=	βα	and	αγ	=	γ	α,	but	with	βγ	=	γβ.	Assume,	on	the	contrary,	that	2	=	a/b,	where	a	and	b	are	integers.	Define	a	scalar	multiplication	on	the	cosets	in	the	quotient	group	V	/U	by	α(v	+	U	)	=	αv	+	U,	where	α	∈	k	and	v	∈	V	.	Squaring	and	cross-multiplying,	we	have	2b2	=	a	2	.	There	are	no	rational	roots:	the	candidates	are	±	12	,	±	1,	±	32	,	±	2,
±	3,	±	6.	1.70	(i)	Prove	that	an	integer	m	≥	2	is	a	perfect	square	if	and	only	if	each	of	its	prime	factors	occurs	an	even	number	of	times.	Prove	that	if	δ	p	(a,	b)	≤	p	−n	,	then	a	and	b	have	the	same	first	n	p-adic	digits,	d0	,	.	Conclude	that	the	solution	set	of	Ax	=	b	is	the	coset	s	+	U	.	By	Lemma	2.9,	the	first	equation	gives	f	an	injection	while	the	second
equation	gives	g	a	surjection.	√	1.43	Find	i.	,	ωn−1	)−1	=	n1	Van(1,	ω−1	,	ω−2	,	.	If	a	is	even,	then	a	+	b	≡	b	mod	2	and	(a	+	b)n	≡	bn	≡	a	n	+	bn	mod	2	for	all	n;	a	similar	argument	holds	if	b	is	even.	Prove	that	the	Hamming	[2	−	1,	2	−	1	−	]	codes	in	Example	4.113	are	perfect	codes.	Therefore,	K	is	a	subspace	of	Matn	(k).	15	1.32	(i)	Show,	for	every
n	≥	1,	that	the	“alternating	sum”	of	the	binomial	coefficients	is	zero:	n		n		n		n		=	0.	Exercise	2.12	gives	|	im	f	|	=	n.	2.114	True	or	false	with	reasons.	Prove	that	F	∼	=	Ar	.	(i)	Show	that	F(X,	R)	is	a	commutative	ring.	3.105	If	E	is	a	finite	field,	use	Cauchy’s	theorem	to	prove	that	|E|	=	pn	for	some	prime	p	and	some	n	≥	1.	Prove	that	(x	−	a)2	|	f	(x)	if	and
only	if	(x	−	a)	|	f		in	R[x].	Since	x	3	−	15x	2	−	4	=	(x	−	4)(x	2	+	4x	+	1),	√	the	other	two	roots	are	−2	±	3.	(iii)	If	R	is	a	domain,	then	there	is	a	unique	field	containing	R.	If	a	∈	G	has	infinite	order,	then	f	(a)	has	infinite	order	in	H	.	But	degrees	are	nonnegative,	so	that	deg(	f	)	=	0	and	f	(x)	is	a	nonzero	constant.	By	the	base	step,	ω	=	εn+1	,	and	the	proof
is	complete.	152	Solution.	If	f	(x)	is	irreducible,	then	so	is	an	+	an−1	x	+	·	·	·	+	a0	x	n	.	No.	4.6	(i)	If	V	is	a	vector	space	over	F2	and	if	v1	=	v2	are	nonzero	vectors	in	V	,	prove	that	v1	,	v2	is	linearly	independent.	Since	F2	×	Im	=	({1}	×	H	)	∪	({−1}	×	H	),	however,	either	2	∈	H	or	−2	∈	H	.	(ii)	Determine	whether	the	list	v1	=	(1,	1,	−1,	2),	v2	=	(2,	2,
−3,	1),	v3	=	(−1,	−1,	0,	−5)	in	k	4	is	linearly	independent.	The	only	properties	of	R	used	in	setting	up	the	isomorphism	in	Example	2.48(iv)	is	that	it	is	a	field.	i	Solution.	Conclude	that	dim(W	⊥	)	=	n	−	r.	Another	degree	argument	shows	that	there	are	not	polynomials	s	and	t	with	xs(x,	y)	+	yt	(x,	y)	=	1.	Prove	that	an−1	=	−(r1	+	r2	+	·	·	·	+	rn	)	and	a0
=	(−1)n	r1r2	·	·	·	rn	.	Prove	that	δ1	,	.	Conclude	that	the	gap	between	consecutive	primes	can	be	arbitrarily	large.	If	[G	:	H	]	=	n,	let	X	denote	the	family	of	all	the	cosets	of	H	in	G.	(ii)	Prove	that	G	=	G	m	+	G	n	=	{g	+	h	:	g	∈	G	m	and	h	∈	G	n	}.	(iii)	Give	examples	of	n	×	n	matrices	A	and	B	such	that	k[A]	is	a	domain	and	k[B]	is	not	a	domain.	The	base
step	is	obvious;	for	the	inductive	step,	just	observe	that	f	n+1	(x)	=	(	f	(n)	(x))	.	,	αi−1	,	β,	αi+1	,	.	By	part	(ii),	there	must	be	15	conjugates	in	A5	,	for	the	other	alternative,	15	2	,	is	obviously	impossible.	In	Z,	(a	−	b)	−	c	=	a	−	(b	−	c)	=	a	−	b	+	c	as	long	as	c	=	0.	However,	R	does	not	contain	the	diagonal	of	the	big	square	X	×	X	,	and	so	R	is	not	a
reflexive	relation	on	X	.	Conversely,	if	q	−	2r	≡	0	mod	7,	then	3q	−	6r	≡	0	mod	7,	hence	3q	+	r	≡	0	mod	7,	and	so	10q	+	r	≡	0	mod	7.	43	Solution.	2.10	Show	that	f	:	R	→	R,	defined	by	f	(x)	=	3x	+	5,	is	a	bijection,	and	find	its	inverse.	(ii)	(Singleton	bound.)	Prove	that	M	≤	q	n−d+1	.	1.72	Let	n	=	pr	m,	where	p	is	a	prime	not	dividing	an	integer	m	≥	1.
3.69	Let	R	be	a	Euclidean	ring	with	degree	function	∂.	(i)	Prove	that	x	n	−	1	=	(x	−	1)(x	−	ζ	)(x	−	ζ	2	)	·	·	·	(x	−	ζ	n−1	)	and,	if	n	is	odd,	that	x	n	+	1	=	(x	+	1)(x	+	ζ	)(x	+	ζ	2	)	·	·	·	(x	+	ζ	n−1	).	Therefore,	a0	=	0.	We	have	shown	that	x	has	a	square	root.	If	both	a	and	b	are	odd,	then	a	≡	1	≡	b	mod	2;	hence,	a	+	b	≡	1	+	1	≡	0	mod	2	and	(a	+	b)n	≡	0	mod
2,	while	a	n	+	bn	≡	1	+	1	=	0	mod	2.	It	remains	to	find	the	inverse	of	an	element	a	=	1;	that	is,	to	find	b	=	1	such	that	0	=	a	◦	b	=	a	+	b	−	ab.	Therefore,	|	nj=1	ε	j	|	=	n,	and	so	the	inductive	hypothesis	gives	ε1	,	.	There	are	exactly	4	cycle	structures	in	A5	:	(1);	(1	2	3);	(1	2	3	4	5);	(1	2)(3	4).	In	part	(ii),	we	saw	that	the	class	of	5-cycles	splits,	in	A5	,	into
two	conjugacy	classes	of	size	12.	49	2.36	True	or	false	with	reasons.	If	a,	b	∈	G,	then	(a,	1)	and	(1,	b)	commute	in	G	×	G,	for	(a,	1)(1,	b)	=	(a,	b)	=	(1,	b)(a,	1).	Here,	q	=	−3,	r	=	1,	and	D	=	27r	2	+4q	3	=	−81	<	0.	2.27	Given	X	=	{1,	2,	.	Compute	the	area	A	of	the	square	in	two	ways.	2.24	(i)	If	1	<	r	≤	n,	prove	that	there	are	1	r	[n(n	−	1)	·	·	·	(n	−	r	+	1)]
r	-cycles	in	Sn	.	Therefore,	both	a	and	b	are	perfect	squares.	Thus,	ì	ï	ía	=	0	if	b	=	0;	det(A)	=	b	=	0	if	a	=	0;	ï	î	1	if	a	=	1	=	b.	δ	p	(a,	b)	≤	δ	p	(a,	c)	+	δ	p	(c,	b)	because	δ	p	(a,	b)	=	a	−	b	p	=	(a	−	c)	+	(c	−	b)	p	≤	max{a	−	c	p	,	c	−	b	p	}	a	−	c	p	+	c	−	b	p	=	δ	p	(a,	c)	+	δ	p	(c,	b).	What	is	the	length	of	the	diameter?	If	a	=	pe	p1e1	·	·	·	pnen	and	b	=	p	f	p1
1	·	·	·	pn	n	,	then	e	+	f1	ab	=	pe+	f	p11	e	+	fn	·	·	·	pnn	.	But	if	x	has	order	1,	then	x	=	1	and	so	y	t	=	1.	In	particular,	if	n	<	p	+	q,	then	i	<	p	and	si	=	0	or	j	<	q	and	t	j	=	0;	it	follows	that	cn	=	0	because	each	summand	si	t	j	=	0.	If	σ	is	even,	then	τ	σ	is	odd,	so	that	the	target	of	f	is,	indeed,	On	.	(vii)	For	all	n	≥	0,	we	have	n	≤	Fn	,	where	Fn	is	the	nth
Fibonacci	number.	2.88	If	G	is	a	finite	group	generated	by	two	elements	of	order	2,	prove	that	G∼	=	D2n	for	some	n	≥	2.	3.5	Assume	that	S	is	a	subset	of	a	commutative	ring	R	such	that	(i)	1	∈	S;	(ii)	if	a,	b	∈	S,	then	a	+	b	∈	S;	(iii)	if	a,	b	∈	S,	then	ab	∈	S.	There	are	12	elements:	6	rotations:	(1),	(v0	v2	v4	)(v1	v3	v5	),	(v0	v4	v2	)(v1	v5	v3	),	(v0	v1	v2	v3	v4
v5	),	(v0	v3	)(v1	v4	)(v2	v5	),	(v0	v5	v4	v3	v2	v1	);	6	reflections:	(v1	v5	)(v2	v4	),	(v0	v4	)(v1	v3	),	(v0	v3	)(v1	v2	)(v4	v5	),	(v0	v2	)(v3	v5	),	(v0	v1	)(v2	v5	)(v3	v4	),	(v0	v5	)(v1	v4	)(v2	v3	).	2.45	Let	G	be	a	finite	group	in	which	every	element	has	a	square	root;	that	is,	for	each	x	∈	G,	there	exists	y	∈	G	with	y	2	=	x.	4.49	If	A	is	obtained	from	an	n	×	n	matrix
by	interchanging	two	of	its	rows,	prove	that	det(A	)	=	−	det(A).	For	the	inductive	step,	define	m		=	p1e1	·	·	·	pn−1	.	Hence,	f	(x)	=	(x	−a)g(x)	=	(x	−	a)2	(x).	2.103	Let	A	and	B	be	groups,	let	A		A	and	B			B	be	normal	subgroups,	and	let	α	:	A	→	B	be	a	homomorphism	with	α(A	)	≤	B		.	,	n	),	where		0	i	=	1	if	ai	is	not	in	S	if	ai	is	in	S.	(i)	The	sequence	notation
for	x	3	−	2x	+	5	is	(5,	−2,	0,	1,	0,	·	·	·	).	1.91	Solve	the	simultaneous	congruences:	(i)	x	≡	2	mod	5	and	3x	≡	1	mod	8;	Solution.	Now	Example	2.29	shows	that	S4	contains	6	transpositions,	and	they	cannot	all	fit	inside	the	group	H	,	which	has	order	4.	Corollary	3.91	says	that	any	integer	root	is	a	divisor	of	36,	and	one	checks	that	3	is	a	root;	therefore,	X
3	+	X	2	−	36	=	(X	−	3)(X	2	+	4X	+	12).	The	map	x		→	−x	is	an	automorphism	of	G;	if	it	is	trivial,	then	x	=	−x	for	all	x	∈	G.	If	v	+	U	=	v		+	U	,	then	v	−	v		∈	U	.	By	Proposition	2.97(ii),	H	is	a	normal	subgroup	of	A5	,	and	this	contradicts	the	fact	that	A5	is	a	simple	group.	Therefore,	a	=	r	b	=	r	sa,	and	so	(1	−	r	s)a	=	0.	(v)	If	k	is	a	subfield	of	K	and	f	(x)	∈
k[x]	has	the	factorization	f	(x)	=	ap1e1	·	·	·	pnen	,	where	a	is	a	constant	and	the	pi	(x)	are	monic	irreducible	in	k[x],	then	f	(x)	=	ap1e1	·	·	·	pnen	is	also	the	factorization	of	f	(x)	in	K	[x]	as	a	product	of	a	constant	and	monic	irreducible	polynomials.	Since	q	>	p	are	positive	integers,	the	only	possibilities	are	q	=	6	and	p	=	1	or	q	=	3	and	p	=	2.	We	know
that	A10	is	a	simple	group	and	that	(A10	)		A10	.	(vii)	A	polynomial	f	(x)	∈	Q[x]	can	have	two	splitting	fields	inside	of	C.	6x	+	3	≡	4	mod	10	is	the	same	problem	as	6x	≡	1	mod	10.	The	left	side	is	|x	H	|,	for	C	∩	H	=	C	H	(x),	by	part	(i).	d2	138	(ii)	If	ω	is	a	primitive	nth	root	of	unity	(ωn	=	1	and	ωi	=	1	for	i	<	n),	prove	that	Van(1,	ω,	ω2	,	.	f	is	not	a	function:
1	2	=	f	(	12	,	26	)	=	3	8	2	4	and	=	3	7	2	6	=	13	,	but	=	f	(	24	,	13	).	(i)	The	function	e	:	N	×	N	→	N,	defined	by	e(m,	n)	=	m	n	,	is	an	associative	operation.	An	example	is	H	=	{1,	(1	2),	(3	4),	(1	2	3	4)}.	Show	that	A4	=	I	=	B	6	,	but	that	(AB)n	=	I	for	all	n	>	0.	If	α	=	(a1	a2	·	·	·	ak	)(b1	b2	·	·	·	bk	)	·	·	·	(c1	c2	·	·	·	ck	)	is	a	product	of	disjoint	k-cycles	involving
all	the	numbers	between	1	and	n,	show	that	α	=	β	k	,	where	β	=	(a1	b1	·	·	·	z	1	a2	b2	·	·	·	z	2	.	Clearly	the	constant	function	1	is	a	C	∞	-function;	if	f	and	g	are	C	∞	-functions,	then	f	−	g	is	obviously	a	C	∞	-function,	while	f	g	is	a	C	∞	-function,	by	Exercise	1.42.	(iii)	Show	that	the	prime	field	of	C	is	Q.	The	reverse	inequality	follows	by	considering	f	−1	:	H
→	G.	By	Euclid’s	lemma,	p	|	a,	so	that	a	=	pm,	hence	p	2	m	2	=	a	2	=	pqb2	,	and	pm	2	=	qb2	.	Now	let	k	be	a	common	divisor	of	ab	and	ac.	(ii)	Prove	that	the	only	units	in	R	are	±1.	(vi)	If	k	is	a	field,	then	{A	∈	Matn	(k)	:	AB	=	B	A	for	all	B	∈	Matn	(k)}	is	a	1-dimensional	subspace	of	Matn	(k).	We	conclude	that	6	+	6r	=	3r	+	3r	+	12	ra;	that	is,	12	=	ra.	If
the	multiplication	µ	:	G	×	G	→	G	is	a	group	homomorphism,	prove	that	G	must	be	abelian.	Since	a	=	0	and	a	=	±1,	there	is	a	prime	p	dividing	a;	since	a	is	squarefree,	p2		a.	5.12	(i)	Find	the	roots	of	x	3	−	15x	−	4	using	the	cubic	formula.	Hence,	∂		is	also	a	degree	function	on	R.	The	Euclidean	algorithm	gives	1	=	182	·	243	−	61	·	725.	One	can	give	a
”master”	formula:	PG	(q,	.	,	At	are	square	matrices	over	R,	prove	that	det(A1	⊕	·	·	·	⊕	At	)	=	det(A1	)	·	·	·	det(At	).	4.27	Prove	that	Ax	=	β	is	consistent	if	and	only	if	β	lies	in	the	column	space	of	A.	Since	p(x)	is	irreducible,	its	only	monic	divisors	are	1	and	itself;	therefore,	gcd(	p,	p	)	=	1	and	p(x)	has	no	repeated	roots.	Part	(i)	shows	that	◦	is	associative
and	that	0	acts	as	the	identity.	k	k	+	k	+	4k	k	k	+	3k	+	4k	k	k	+	k	k	1	+	2	1	+	2	1	+	2	1	+	2	1k	1k+1	1k	2	k+1	2	k	3	+	5	k	5	k+1	3k	4	k+1	3	k+1	3k	4k	5	k	Figure	1.3	Alhazan’s	Dissection	n	(iii)	Given	the	formula	i=1	i	=	12	n(n	+	1),	use	part	(ii)	to	derive	the	n	2	formula	for	i=1	i	.	2.3	Let	A	and	B	be	subsets	of	a	set	X	.	The	students	should	be
encouraged	to	try	to	show	that	(3,	R)	is	a	group.	(v)	If	a	group	G	acts	on	a	set	X	,	and	if	g,	h	∈	G	satisfy	gx	=	hx	for	some	x	∈	X	,	then	g	=	h.	The	representation	ρ	p	:	A6	→	S	p	must	be	an	injection,	because	A6	is	simple	and	ker	ρ	p	≤	H	is	a	normal	subgroup	of	A6	.	Then	g	−1	:	L	→	H	is	an	isomorphism,	by	part	(ii),	and	the	composite	g	−1	◦	f	:	G	→	H	is	an
isomorphism,	by	part	(i).	Inductive	step:	[13	+	23	+	·	·	·	+	n	3	]	+	(n	+	1)3	=	14	n	4	+	12	n	3	+	14	n	2	+	(n	+	1)3	.	We	show	that	u	=	a0	+	a1	x	+	a2	x	2	+	·	·	·	is	a	unit	by	constructing	the	coefficients	bn	of	its	inverse	v	=	b0	+	b1	x	+	b2	x	2	+	·	·	·	by	97	−1	induction	on	n	≥	0.	By	Exercise	3.67,	it	suffices	to	prove	that	p	(x)	=	0.	(v)	Every	subgroup	of	Sn
has	order	dividing	n!.	Note	that	(a		,	m		)	=	(a/d,	m/d)	=	1,	because	d	is	the	gcd	(a,	m).	Ramanujan	disagreed,	saying	that	it	is	the	smallest	positive	integer	that	can	be	written	as	the	sum	of	two	cubes	in	two	different	ways.	50	Its	order	is	6,	its	inverse	is	(1	4	5)(2	3),	and	it	is	odd.	Rotman	Exercises	for	Chapter	1	1.1	True	or	false	with	reasons.	3.100	(i)
Prove	that	x	4	+	1	factors	in	F2	[x].	ç	ê	det(V	)	=	det	çê	2	2	c3	−	a	3	ú	ûø	èë0	c	−	a	c	−	a	0	d	−a	d	2	−	a2	d	3	−	a3	By	Laplace	expansion	across	the	top	row,	we	have	ùö	æé	b	−	a	b2	−	a	2	b3	−	a	3	ú	çê	det(V	)	=	det	èë	c	−	a	c2	−	a	2	c3	−	a	3	ûø	.	The	result	now	follows	from	Proposition	2.39,	for	sgn(α)	=	(−1)r	−1	=	−1.	b	d	x	z	bw	+	d	x	by	+	dz	Now	the	sum
of	the	entries	in	the	first	column	of	AB	is	(aw	+	cx)	+	(bw	+	d	x)	=	(a	+	b)w	+	(c	+	d)x	=	w	+	x	=	1.	This	is	surely	true	if	a	4	is	not	used,	while	if	a	4	is	used,	then	the	largest	sum	one	can	get	which	is	under	8	is	6.	There	are	the	same	number	of	quartets	of	dogs	as	there	are	sextets	of	cats.	(i)	If	F	is	a	subfield	of	k,	prove	that	R	⊆	F.	2.93	If	G	is	a	group,
prove	that	Aut(G)	=	{1}	if	and	only	if	|G|	≤	2.	(i)	Show	that	the	function	F	:	Fq	→	Fq	,	given	by	F(a)	=	a	p	,	is	an	isomorphism.	That	θ	is	an	acute	angle	implies	that	the	numbers	sin	θ,	cot	θ,	and	sec	θ	are	all	positive.	But	each	of	these	statements	is	easy	to	prove.	Hence,	c	is	a	common	divisor	of	a	and	b.	It	is	offered	online	through	the	EdX	learning
platform.	6	Solution.	25	Therefore,	1	is	a	linear	combination	of	rr		and	m;	as	1	is	obviously	the	smallest	positive	linear	combination,	it	must	be	their	gcd.	2.69	This	exercise	gives	some	invariants	of	a	group	G.	If	f	(x)	factors	into	quadratics,	then	x	4	−	10x	2	+	1	=	(x	2	+	ax	+	b)(x	2	−	ax	+	c),	where	a,	b,	c	∈	Q	(the	coefficient	of	x	in	the	second	factor
must	be	−a	because	f	(x)	has	no	cubic	term).	Try	g(x)	=	3x	3	−	3x	+	1.	1.85	Prove	that	there	are	no	integers	x,	y,	and	z	such	that	x	2	+	y	2	+	z	2	=	999.	Thus,	a		divides	b	;	as	(a		,	b	)	=	1,	we	have	a		divides	,	by	Corollary	1.40.	Finally,	if	σ	is	a	4-cycle,	say,	H	contains	all	4-cycles.	As	j	(January)	=	0	and	j	(February)	=	3,	neither	of	these	months	gives	a
solution,	and	so	only	August	1,	1900,	fell	on	a	Tuesday.	Since	x	n	−	a	is	irreducible	in	Q[x],	it	has	no	rational	roots.	(ii)	Prove	that	GL(2,	Q)	is	a	subgroup	of	GL(2,	R).	g	g	(ii)	If	r	=	p1	1	·	·	·	pn	n	,	where	the	pi	are	distinct	primes	and	the	gi	are	integers,	then	r	is	an	integer	if	and	only	if	all	the	gi	are	nonnegative.	Define	h(x)	=	g1	(x)	·	·	·	gn	(x)	=	f	(x)/gn+1
(x).	The	base	step	is	obvious.	,	an	)	and	u	=	(b1	,	.	Prove	that				f	Si	=	f	(Si	).	(ii)	Find	the	roots	of	f	(x)	=	x	3	−	9x	+	28.	Since	both	of	these	subgroups	have	the	same	order,	they	are	equal.	Prove	that	G	m	and	G	n	are	subgroups	with	G	m	∩	G	n	=	{0}.	Since	α	is	surjective,	there	is	k	with	αk	=	i.	f	1	,	f	2	,	f	3	,	f	4	,	and	f	5	are	prime,	but	f	6	=	2	·	3	·	5	·	7	·
11	·	13	+	1	=	30031	=	59	·	509.	,	xn	)	with	x	j1	=	0	=	x	j2	=	·	·	·	=	x	js	,	where	s	≤	n,	if	and	only	if	there	is	a	solution	to	the	m	×	(n	−	s)	system	A∗	x	∗	=	b,	where	A∗	is	obtained	from	A	be	deleting	columns	j1	,	j2	,	.	The	one	element	1	lies	in	k;	since	k	≤	k		,	we	have	0	=	p	·	1	=	1	+	1	+	·	·	·	+	1,	where	there	are	p	summands	equal	to	1.	1.49	Let	p1	,	p2	,
p3	,	.	1.64	If	Fn	denotes	the	nth	term	of	the	Fibonacci	sequence	0,	1,	1,	2,	3,	5,	8,	.	By	part	(i),	if	f		(x)	=	0,	then	f	(x)	=	j	a	j	p	x	j	p	.	Now	999	≡	7	mod	8.	13	78	(iii)	If	f	(x)	=	3x	4	+	ax	3	+	bx	2	+	cx	+	7	with	a,	b,	c	∈	Z,	then	the	roots	of	f	(x)	in	Q,	if	any,	lie	in	{±1,	±7,	±	13	,	±	73	}.	Pascal’s	formula	gives	20	16	=	4845.	If	f	:	G	→	H	and	g	:	H	→	K	are
homomorphisms,	then	(g	◦	f	)(ab)	=	g(	f	(ab))	=	g(	f	a	f	b)	=	g(	f	a)g(	f	b)	=	(g	◦	f	)(a)(g	◦	f	)(b).	(i)	⇒	(ii).	2.53	Let	H	be	a	subgroup	of	a	finite	group	G,	and	let	a1	H,	.	But	the	degree	of	the	left	side	is	at	least	1,	while	the	degree	of	the	right	side	is	0.	Let	ϕ	:	k	→	k		be	an	isomorphism	of	fields,	let	E/k	and	E		/k		be	extensions,	let	p(x)	∈	k[x]		and	p	∗	(x)	(as	in
Theorem	3.33,	if		∈	ki	[x]	be	irreducible		polynomials	p(x)	=	ai	x	,	then	p∗	(x)	=	ϕ(ai	)x	i	),	and	let	z	∈	E	and	z		∈	E		be	roots	of	p(x),	p∗	(x),	respectively.	(iv)	If	v1	,	v2	,	v3	,	v4	spans	a	vector	space	V	,	then	dim(V	)	=	4.	We	may	assume	that	a/b	is	in	lowest	terms;	that	is,	(a,	b)	=	1.	This	square	root	is	unique,	for	if	g	2	=	x	=	h	2	for	some	h	∈	G,	then	ϕ(g)	=
ϕ(h),	and	so	g	=	h	because	ϕ	is	injective.	But	n	≤	2n	−	3	for	all	n	≥	3,	as	desired.	16	1.35	Let	ε1	,	.	Prove	that	any	two	solutions	of	the	system	x	≡	b	mod	m	x	≡	b	mod	m		are	congruent	mod	,	where		=	lcm{m,	m		}.	ir	−1	).	Prove	that	there	exist	a	pair	of	distinct	integers	i	and	j	with	iai	≡	ja	j	mod	p.	If	k	=	i,	then	αi	=	i	and	αi	=	j	=	i,	a	contradiction;
hence,	k	=	i.	(iii)	6	|	0.	(ii)	Show	that	the	Pythagorean	triple	(9,	12,	15)	(which	is	not	primitive)	is	not	of	the	type	given	in	part	(i).	ab	and	ba	are	conjugates	[ba	=	b(ab)b−1	],	and	hence	they	have	the	same	order.	k(z)	k	ϕ	ϕ	/	k		(z		)	/	k	Solution.	The	proof	has	nothing	to	do	with	induction.	(i)	√	f	(x)	is	irreducible.	142	4.76	(i)	Write	x	15	−	1	as	a	product	of
irreducible	polynomials	in	F2	[x].	If	G	is	finite-dimensional	and	dim(G)	≥	2,	then	any	nonsingular	matrix	other	than	the	identity	corresponds	to	a	nontrivial	automorphism.	(i)	Prove	that	Ramanujan’s	statement	is	true.	(ii)	There	is	a	finite	field	with	more	than	10100	elements.	,	αn	.	Therefore,	h	K	∈	ker	π	=	K	,	and	hence	H	≤	K	.	Hence,	we	must	find	g
such	that	g	f	−	(b	−	b)	∈	(	f		).	1.77	True	or	false	with	reasons.	Conclude	that	Gal(E/k)	is	solvable.	(iv)	The	subgroup	{0}	of	Z	is	isomorphic	to	the	subgroup	{(1)}	of	S5	.	Let	X	=	{Ai	:	0	≤	i	<	n}	and	Y	=	{B	Ai	:	0	≤	i	<	N	}.	By	part	(ii),	f	(x)	has	no	repeated	roots	in	C[x]	if	and	only	if	(	f,	f		)	=	1	in	C[x].	,	n},	by	σ		(i)	=	σ	(i)	for	all	i	=	j.	3.4	(i)	Prove	that
subtraction	in	Z	is	not	an	associative	operation.	Then	d	=	ad		=	abd,	so	that	canceling	d	gives	1	=	ab.	1.22	Prove	that	the	first	and	second	forms	of	mathematical	induction	are	equivalent;	that	is,	prove	that	Theorem	1.4	is	true	if	and	only	if	Theorem	1.12	is	true.	(iii)	If	a	group	G	acts	on	a	set	X	,	and	if	x,	y	∈	X	,	then	G	x	∼	=	G	y.	3.91	Let	k	be	a	field,
and	let	f	(x)	=	a0	+	a1	x	+	·	·	·	+	an	x	n	∈	k[x]	have	degree	n.
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